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1. INTRODUCTION

Load flow methods are widely utilized in power system analysis and applications [1, 2, 3]. One
reasonable way to understand and compare load flow approaches is through their mathematical convergence
analysis. The challenges behind analyzing the convergence of iterative methods begin with the characterization
of the problem solution itself. Some researches have studied the nature and multiplicity of stable load flow
solutions for transmission systems [4, 5, 6, 7], and a few researches have studied the load flow solution for
power distribution systems. H. D. Chiang and M. E. Baran [8] showed the existence and uniqueness of the
feasible load flow solution for balanced distribution systems, while J. F. Chen and W. M. Wang [9] verified
the existence and feasibility of the load flow solution by using a formulation based on the DistFlow equations
[10, 11]. In [12], K. N. Miu and H. D. Chiang provided a useful contribution by extending the work in [9] to
the three-phase case with detailed network modeling.

Since an analytical solution does not exist for the load flow problem, even given some knowledge
about the solution, it is necessary to formulate iterative procedures for the load flow calculation. The aforemen-
tioned procedures might guarantee a fast convergence towards a solution, given an initial estimate and a fixed
tolerance. Hence, aiming at analyzing the convergence of load flow algorithms for transmission systems, J.
Meisel and R. D. Barnard [13] presented a view of the Gauss-Seidel method and the Newton-Raphson method
in terms of a fixed-point formulation. K. Ganesan et al. [14] studied the convergence of the Newton-Raphson
method by using the Kantorovich theorem, and F. Wu [15] proved the convergence and demonstrated the strong
convergence dependence of network 7/« ratios for the Fast Decoupled method.

Regarding distribution system analysis, there is a lack of convergence formalization for load flow
methods. In fact, these methods are not usually based on Jacobian evaluations and generally employ sweep
procedures in which currents [16] (or powers [17, 18]) are accumulated from end nodes towards the substation
bus. In this area, E. Bompard et al. [19] contributed significantly by studying the convergence of a sweep
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method and verifying that its convergence properties can be depreciated for high loadings. This observation
was first brought out by R. P. Broadwater in his discussions of [16].

In this context, this paper presents the assessment the forward-backward sweep load flow method
proposed by D. Shirmohammadi et al. [16] using fixed-point concepts and the contraction mapping theorem.
Also, an alternative argument showing the existence and uniqueness, under certain conditions, of the load flow
solution is presented. At last, a set of error boundaries per iteration limiting the vectorial distance between a
voltage iterate values and the solution is deduced.

The paper is organized as follows. Section 2 presents a brief mathematical background of the contrac-
tion mapping theorem and the load flow method under assessment. In Section 3, the aforementioned mathe-
matical contributions are demonstrated for a general distribution system. Numerical simulations are shown in
Section 4 aiming at validating the theoretical results. Finally, Section 5 outlines conclusions and future works.

2. MATHEMATICAL BACKGROUND
2.1. The Contraction Mapping Theorem

The fixed-point theorems compose a set of theorems applied in several areas such as physics, mathe-
matics, economics and engineering. We can define a fixed-point x> of a function ® : X — C" (X C C") as
any point x* € X such that ®(x>) = x*. Some of the most important fixed-point theorems are the Brouwer
theorem, the Knaster-Tarski theorem, the Lefschetz theorem and the contraction mapping theorem utilized in
this work. Fixed-point theorems have an important role in the analysis of nonlinear problems, as well as the
analysis of algorithms associated to the solution of these problems.

With the aim of introducing the contraction mapping theorem, let us define a general nonlinear prob-
lem composed by n nonlinear equations f; (x1,...,X,) = y;, forall i = 1,... n. For simplicity, note that
this problem can also be represented in the vector form F (x) = y, where x = [z;],, and y = [y,], . By formu-
lating iterative methods to solve this system of equations, we search for an iteration scheme x(kJrls = ®(xM)
aiming at generating a sequence of iterates {x(*), x(1) ...} that converges if and only if F (x) = y. One of the
reasonable choices for this iteration scheme is

B(xM) = x5~ W(x®) [F(xM) - y| (1)

where W (x) is a n x n nonsingular matrix function of x. In the simple iteration scheme above, the convergence
is obtained at a fixed-point and x* is a fixed-point of ® if and only if F (x) = y.

We emphasize that once an iteration scheme is chosen, by starting with a point x(°) the sequence
of iterates must converge to a fixed-point x*, i.e. limy_, Hx(k) — x°‘H = 0, in a reasonable amount of
time. There also exists an interesting property in which the mismatches between two subsequent iterates
||x(k+1) —x(k) H geometrically decrease throughout the iterative process. In mathematical terms this prop-
erty can be written as

Hfb(x(kH)) - @(x(k))H <c ‘ ‘X(]H_l) - X(k)H (2)

for some ¢ € R suchthat 0 < ¢ < 1.

In a general sense, if a function @ satisfies the inequality || ®(x) — ®(x')|| < ¢||x — x'||, Vx,x" € X,
for some ¢ € R such that 0 < ¢ < 1, then @ is a contraction mapping with contraction constant c. The
contraction mappings have two interesting properties, both presented in the following theorem.

Theorem 1 (The Contraction Mapping Theorem) [20]: Let XC C™ be a closed subsetand ® : X — X
be a map such that

1@ (x) = @ (xX)]| < c|lx—x]] 3)
for some contraction constant 0 < ¢ < 1, ¢ € R, Vx,x’ € X. Then ® has an unique fixed-point in X.
Additionally, the sequence of iterates {x(?), ®(x(9)), &(®(x(?))),...} converges to the fixed-point for any
x(0 e X,

This theorem will be used to analyze some important properties of the forward-backward sweep load
flow method. It is important to emphasize that the nonlinear iteration scheme in (1) is the basis in which
classical methods solve load flow equations for high voltage transmission systems. For instance, if we take
W (x(®) to be the inverse Jacobian matrix of the function F at x(¥), then (1) becomes the update rule of the
Newton-Raphson method. On the other hand, in case of distribution system analysis, the update rules of the
methods change considerably depending upon the chosen approach, although it is possible to establish some
similarities to the nonlinear iteration scheme presented in (1).
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2.2. The Forward-Backward Sweep Method

With the aim of mathematically describing D. Shirmohammadi et al.’s load flow method [16], let us
consider the radial schematic depicted in Fig. 1, where lines are modeled as series impedances z; while complex
bus voltages and complex load demands are modeled, respectively, by E; = e; + jf; and S;, Vi = 1, ..., n.
The substation bus is named the 0 (zero) bus with complex voltage denoted by Fy. Observe that the index ¢ is
used to identify the bus and the line upstream this bus, depending on the variables involved.

I;

Ei 1 z FE; ziv1 B E.1 2, E,

R B -

Si SiJrl S’ﬂ*l Sn

Figure 1. Radial distribution network schematic.

In distribution systems load flow analysis, the substation bus is usually assumed to be the slack bus,
with a constant real voltage Ey. Under this assumption, the algorithm begins with an initial solution for all
buses and performs three basic steps until a convergence criterion is satisfied.

1. The current injection Ig:H) at bus 7 and iteration £ 4 1 is calculated as Ing) = 5//E;®, where Ei(k)
is the complex voltage at bus 7 calculated during the k*" iteration;

2. Starting from the end branches and moving towards the branch connected to the substation bus, the
current at branch ¢ can be calculated by Ii(kﬂ) = Igf_H) + 2 ren, Igjﬂ) =D e, I(L’jﬂ), where A,;
denotes the set of downstream buses of bus 7, and A; denotes the set of elements of A; including the ith

bus,ie. A; = A; U {i};

3. The bus voltages are updated in a forward sweep starting from the first branch and moving towards end
branches by Ei(k"'l) = E,(LISH) — ziI£k+1), where u; represents the upstream bus of the i*" bus.

One basic convergence criterion is the maximum absolute power mismatch for all buses. Alternatively,
the convergence can be tested by other criteria like the maximum absolute difference between subsequent
voltage iterates.

3. CONTRACTION MAPPING ASSESSMENT
3.1. Convergence Rate

Let us examine the convergence of complex voltages using the iterative scheme of the algorithm.
Observe that the general update rule can be written recursively for iteration k as

S*
$i(EW) = bu; (BEP)) — 2 Z (E*Zk)) , ¢ (M) = EFTD )
rel; T

Now let p; be the set of lines between the substation bus and bus ¢. Also, let 0;,- be the intersection of
sets p; and p,.. Then, expression (4) can be rewritten as

n g*
r=1

*
E?“ t€o;r

As a matter of consequence, the same rule can now be written for iteration k + 1, such that the
difference between subsequent voltage iterates can be recursively calculated as follows

n *(k+1)
(k+1) o AE;,
Ag; = Zir Sy, (E:(k+1)E:(k)> ©)

r=1
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By rearranging the terms of the expression above, we can rewrite (6) in the convenient form

(k+1) _ (k+1) x(k+1) (k+1) _ ZirSy
Ag; Z ;" AE; d;y D e (7
r=1

As consequence, (7) can be expressed in their matrix forms
A(I’(k‘—‘rl) _ D(k+1)AE*(k+1), D(k+1) —_ ZS*F(k+1) (8)

where ®(E(*)) is a n x 1 vector whose elements are the complex voltages obtained by the update rule at the
k' iteration, A@*HD 2 H(EHRTD) — (EM®), E®) is a n x 1 vector whose elements are the complex
voltages at the kP iteration, AEFRTD 2 glk+1) _ E®), Zis the impedance matrix of the distribution network
with size n X n, S* is a diagonal matrix with size n X n whose elements are the conjugated complex loads,
and F(*+1) is a diagonal matrix with size n x n whose elements are reciprocals of the product of subsequent
conjugated complex voltage iterates. By applying the norm operator (in C™) and their properties in (8) we have

Jaetn] < [[oenlf]|ame] < [t

At this point, different norms can be used to evaluate the convergence of the algorithm. In particular,
we can evaluate ’ ‘D(kﬂ) | | using the infinity norm (or Chebyshev norm) as follows.

(k+1)|] _ (k+1) H_ Zhe S _ n er
[0 = g, S| = S| | = e e £ | ©
Hence, inequality (9) can be conveniently written as
(k+1) (k+1) (k+1) (1) _ Zhr Sy
faaten <o famesn]]. =32l | 10)

Therefore, by using the inequalities above, the existence as well as the uniqueness of the feasible
solution can be analyzed. Also, convergence properties of the load flow algorithm can be assessed and error
boundaries per iteration specified.

3.2. Existence and Uniqueness of the Feasible Solution

The existence and uniqueness of the load flow feasible solution in closed subset is an important result
for system analysis. Once this result is verified, it is guaranteed that studies such as reactive power compensa-
tion, distribution automation, and network reconfiguration, all usually endorsed by load flow calculations, will
lead to the steady state obtained in practice, given the uncertainties of loading and network data.

Aiming at verifying the existence and uniqueness of the feasible load flow solution, let R be a closed
subset of C™ given by R £ {E € C", ||E;|| > Eg — a}, Vi = 1,...,n, where 22 < o < Ey — /[|ZS*]].
Also, let ¢ be a real constant defined as ¢ = 1128 Il/(5,—a)2. Observe that by construction (Eo — o)® > ||ZS*||
and, as consequence, ¢ < 1. Also, notice that (4) can be written in the matrix form as follows.

®(EW) = Ey — ZS'K**) (1)

where K is a n x 1 vector with elements given by reciprocals of complex voltage iterates at iteration k and Eg
is an x 1 vector with entries equal to Ej.

Given a complex voltage E(*) in R, the complex voltages obtained throughout update rule can be
analyzed as follows.

* ZS*
H<I>(E(k)) - EOH - HZS*K <’€>H < ||zs¥| HK*(’C)H <28 g ey <a
(Eo — a)
Consequently, if E(*) € R then E#+1) = &(E(*)) belongs to an open ball (in C™) centered in Eq and a radius
equalto a, Vk =0, ..., Nyter. Therefore, @(E(k)) belongs to R and the inequality below holds V.
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0< HD(IH-I)H — HZS*F (k+1) H < ||zs*|| HF(k-i-l)H < ”LHQ — (12)
Ey — «)
By using (10) and (12), we obtain that 0 < D) < & < 1, Vk, as well as
st < clapty] (13)

By construction, the function @ : R — ‘R is a contraction mapping (in R) with contraction constant
¢ and unique fixed-point. In fact, suppose E* and E** are two different elements of R, then

|2(E") — @(E™)|| < c|[E" - E™| (14)
Suppose now that E* and E** are both load flow solutions. Then, by the hypothesis we obtain
|E" — E™|| = [|®(E") — (E™)|| < ¢|[E" — E™]

If E* # E** then ||E* — E**|| # 0. Hence, we can divide the inequality above by ||[E* — E**|| obtaining that
¢ > 1, which is an inconsistent conclusion. Therefore we have that E* = E**, i.e., the existence and uniqueness
of the load flow feasible solution has been verified, limited to conditions related to voltage magnitude at the
substation bus, network and loading.

3.3. Power Mismatch Convergence

Using the contraction mapping theorem, it is verified that since ® : R — R is a contraction mapping
(in R), the sequence of iterates {E(?), ®(E©)), ®(®(E(?)),...} converges to the load flow feasible solu-
tion, VEy € R. The algorithm presents a geometric convergence towards the solution with a geometric rate
evaluated by ¢(*+1)_ In addition, since ¢(*t1) depends upon system loading, the convergence characteristic is
also dependent on loading.

Now, let ASl-(k) be the complex power mismatch at bus ¢ and iteration k. In addition, let y; be the
series line admittance upstream bus ¢. Notice that ASi(k) = Efk) (E:(k) — EZ(k)) Y+ Ei(k) ZTEA{, %: +.5;,
and by conjugating this expression we have

k) _ ey, (g ) L Sy
AS;H = (E - E +zle:(k)>

rel;

By adding the null element E (qb(k) (k)) in (15) we have
* * S
asi® = BPy, (E§k) o) +2) *<k>> + By (o) - )
reh; Er

Assuming E:(k)yi #0,Vi=1,...,n, then

lim
k—o0

o (EX)) - EZ-(’“)H — 0 lim HASZ.(“H = 0,Vi (15)

k—o0

which indicates that voltages converge if and only if power mismatches converge to zero.

3.4. Dependence of Initial Estimate

A flat start or a solution estimate must be specified in the beginning of the load flow algorithm. Hence,
it is important to highlight that the load flow update rule will be a contraction in a trajectory where ¢ < 1, and
thus it will converge towards the solution if an initial estimate is chosen in a region where the contraction
mapping theorem is valid. Region R was chosen to ease the deductions, though in theory other regions could
be set to prove the same mathematical results.

Evaluation of the Forward-Backward Sweep Load Flow Method using ... (Diego Issicaba and Jorge Coelho)
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Therefore, it is noteworthy to mention that other uncommon initial estimates might lead to the solution
as well. For instance, if quite high voltages are chosen as initial estimate, contraction should lead voltages at
the first iteration to be located into an open ball centered in Fy with radius «. In fact, high voltages lead to
reduced currents in the first iteration, causing voltage iterates to be close to Fy. On the other hand, if very low
voltages are chosen as initial estimates, voltage errors might increase considerably leading the complex iterates
into region R. Therefore, the load flow method is shown to be robust to a large variety of initial estimates.

3.5. Error Boundaries

Since ® : R — R is a contraction mapping (in R), with contraction constant ¢, the following relation
holds by the contraction mapping theorem

Ek
1-¢

e~ ]| < 7= [|e) -2 1)

e -] < e - = a7
~—1-c¢

Therefore, by using (16) and (17) we can evaluate boundaries for the error given by the difference between the
computed iterate value and the load flow solution.

4. NUMERICAL RESULTS

This section presents some numerical load flow analysis to validate the theoretical results deduced in
the paper. The convergence criterion was chosen to be the maximum absolute difference between subsequent
voltage iterates, with tolerance given by 1E-06.

4.1. A Two Bus Case Study

Consider a two bus distribution feeder with substation bus voltage of 11 kV as well as line param-
eter and complex load given by 1.35309 + 5j1.32349 Q and 5 + j3 MVA, respectively. From the theoret-
ical basis presented in this paper, convergence is assured and the update rule is a contraction inside region
R 2 {E, € C,||E1|| > Eo — a}, for any « such that 0.50000 < o < 0.69800 pu. Without loss of general-
ity, we have chosen « to be 0.60000 pu leading to a contraction constant ¢ of 0.57007. The last iterate was
considered the solution for the sake of error computation.

Table 1(a) shows the real and imaginary parts of voltage iterates, contraction iterates, error values
and error boundaries computed using (17), assuming the uncommon initial estimate of E%O) = 4.00£0° pu.

Once E§O) belongs to R, contraction mapping was assigned from the very first iteration, and error boundaries
indeed limited the iterate errors. As expected, contraction iterates did not exceed the contraction constant ¢, i.e.
0 < c®) <&=0.57007 < 1.

Table 1. Two bus case study
(@) B{”) = 4.0020° pu () B\ = 0.0220° pu

e1 (pu) f1 (puw) c(F) Error Boundary e1 (pu) f1 (pw) c(®) Error Boundary

4.00000  0.00000 3.09E+00

- - 0.02000 0.00000 8.81E-01  0.00E+00
097782  -0.00529  0.02332  7.84E-02  9.31E+00

k
0 Z
1 -343633 -1.05710 126849 4.46E+00 1.11E+01
0.90915  -0.02113  0.10257  8.11E-03  2.17E-01 2 1.02186  0.01288  0.02483  1.26E-01 1.41E+01
0.90192  -0.02098 0.11118  9.03E-04  2.23E-02 3 091345 -0.02178 0.09768  1.24E-02  3.51E-01
090113  -0.02114  0.11216  1.01E-04  2.48E-03 4 090237 -0.02082  0.11060  1.38E-03  3.43E-02
0.90104 -0.02114 0.11227  1.14E-05  2.78E-04 5 090119 -0.02115 0.11210  1.54E-04  3.79E-03
0.90103  -0.02114  0.11228  1.26E-06  3.12E-05 6 090105 -0.02114 0.11226  1.73E-05  4.25E-04
0.90103  -0.02114 0.11229  1.28E-07  3.50E-06 7 090103  -0.02114 0.11228  1.92E-06  4.77E-05
0.90103  -0.02114  0.11229 - 3.93E-07 8 090103  -0.02114 0.11229  1.95E-07  5.36E-06
9 090103  -0.02114 0.11229 - 6.01E-07

0NN N AW~ OF

Alternatively, the near zero initial estimate of Eio) = 0.02£0° pu was chosen. Voltage and contraction

iterates obtained in this analysis are shown in Table 1(b). In this case, one can notice that even by choosing a
nonrealistic solution as initial estimate, the algorithm converged to the feasible solution. In fact, the contraction
iterate ¢(*) is greater than the unit near the initial estimate, where the update rule is not a contraction mapping
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(dilation). As a consequence, voltage mismatches increased and voltage iterates moved towards region R,
where convergence is guaranteed by the mathematical results.

4.2. A 27-bus Case Study

The load flow algorithm was applied to the 27-bus system given in [21]. The mathematical analysis
showed that convergence is assured and the update rule is a contraction into the region R = {E € C?" ||Ei|| > Ey — «a,
Vi=1,...,27}, for any « such that 0.50000 < « < 0.71270. Similar to the previous case study, an « value
of 0.60000 was chosen and the last iterate was considered as solution for error computation purposes. The
contraction constant ¢ is 0.51580 for this case.

The initial estimate was chosen to be EZ(O) = 0.05£120.32° pu, Vi = 1,...,27. Table 3 shows the
iterates obtained in this simulation. Also, the first two voltage iterates are illustrated in a level curve of the
convergence region for bus 25 in Fig. 2.

Table 2. The 27-bus case study (bus 25). Initial estimate: EZ-(O) = 0.05£120.32° pu.

k e25 (pu) fa5 (pu) cF) Error Boundary
0 -0.02524 0.04316 - 1.01E-00 -
1 1.51846 1.56655  0.83438 1.70E-00  2.31E-00
2 097564  -0.03361 0.04262 6.54E-02  1.80E-00
3 0.91703  -0.01505 0.09096  5.19E-03  6.55E-02
4 091273  -0.01732 0.09637 4.30E-04  5.18E-03
5
6
7
8

091234  -0.01720  0.09679  3.56E-05  4.29E-04
091231  -0.01721  0.09683  2.94E-06  3.56E-05
091231  -0.01721  0.09683  2.29E-07  2.95E-06
091231  -0.01721  0.09683 - 2.44E-07

® Solution
15F| % Voltageiterate

Contraction Region

[pu]

B

051

-1 -05 0 0.5 1 15 2
e [pu]

Figure 2. Three voltage iterates for the 27-bus case study (bus 25). Initial estimate El-(o) = 0.05£120.32° pu.

As expected, since the initial estimate has low voltage entries the voltage mismatches increased caus-
ing the voltage iterates to be placed in R, where the convergence is guaranteed by the mathematical analysis.
Also, the contraction iterates did not exceed the contraction constant in R and the error boundaries indeed
limited the iterate error values.

5. CONCLUSIONS

This paper evaluates the forward-backward sweep load flow method to distribution system analysis
using fixed-point concepts and the contraction mapping theorem. The convergence of the method is proven
given certain conditions related to substation bus voltage, network data and system loading. The existence and
uniqueness of the feasible load flow solution is also evaluated, subjected to the same conditions. Furthermore,
boundaries for error values per iteration between iterates and solution are obtained. It was shown that the

Evaluation of the Forward-Backward Sweep Load Flow Method using ... (Diego Issicaba and Jorge Coelho)
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algorithm exhibits a geometric convergence towards solution. Also, the algorithm is robust to a large variety of
initial estimates.

All the mathematical results are validated with load flow simulations. Future works are envisioned
to extend to developed analysis with regard to three-phase distribution networks, weakly-meshed distribution
networks, voltage dependent load models and distributed generators.
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