International Journal of Electrical and Computer Engineering (IJECE)
Vol. 5, No. 3, June 2015, pp. 548~561

ISSN: 2088-8708

a 548

Blind Signal Processing Algorithms based on Recursive

Gradient Estimation

Namyong Kim*, Mingoo Kang**

* Division of Electronic, Information and Commnication Engineering, Kangwon National University, Korea
** Division of Information and Telecommnication Engineering, Hanshin University, Korea

Article Info

ABSTRACT

Article history:

Received Jan 12, 2015
Revised Apr 19, 2015
Accepted May 4, 2015

Blind algorithms based on the Euclidean distance (ED) between the output
distribution function and a set of Dirac delta functions have a heavy
computational burden of O(NM) due to some double summation operations
for the sample size N and M symbol points. In this paper, a recursive
approach to the estimation of the ED and its gradient is proposed to reduce

the computational complexity for efficient implementation of the algorithm.

The ED of the algorithm is comprised of information potentials (IPs), and the
Keyword: IPs at the next iteration can be calculated recursively based on the currently
: : : obtained IPs. Utilizing the recursively estimated IPs, the next step gradient
CB:gr:]dpszltg?i?)Ing:Oc(i)er?qSF:?egxi ty for the weight update of the algorithm can be estimated recursively with the
- . present gradient. With this recursive approach, the computational complexity
Dirac delta function of gradient calculation has only O(N). The simulation results show that the
EUC“d‘?an d'Sta_nce proposed gradient estimation method holds significantly reduced
Recursive gradient computational complexity keeping the same performance as the block
processing method.
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1. INTRODUCTION

The information-theoretic learning (ITL) method has been developed based on a combination of
probability density functions (PDFs) and a procedure to compute information potential (IP) that is defined
based on the concept that data samples interact with each other as a pair of physical particles in a potential
field [1]. The construction of PDFs is done by the kernel density estimation method employing Gaussian
kernel [2].

The ITL method has yielded many performance criteria such as Kullback-Leibler (KL) divergence
to estimate mutual information and Euclidian distance (ED) between two PDFs to measure their similarity
[3], [4]- Through minimizing the KL divergence or the ED, algorithms for supervised training have been
developed for classification in biomedical problems [4], [5].

In blind signal processing where training data sets are not available the PDF of desired signal needs
be generated without knowing the exact desired signal. For communication applications where the symbol
points to be transmitted are identically and independently distributed, the desired PDF can be replaced with a
set of Dirac-delta functions [6]. The blind algorithm developed based on the ED criterion between the PDF of
output samples and Dirac-delta functions in place of the desired PDF has shown superior learning
performance in various environments.

However, in the ED estimation of the blind algorithm, there is a computational problem that hinders
the efficient implementation of the algorithm. The method requires heavy computational complexity due to
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double summation operations at each iteration time. In our initial work [7], a recursive approach to the ED
estimation has been introduced as an efficient method reducing the computational complexity.

The ED estimation can be used to check how well the output PDF matches the desired PDF. That is,
the estimated ED can be used as an indicator of the convergence state of the employed algorithm. Therefore
the recursive estimation of ED in [7] does not play the role of weight adjustment in the blind algorithm. For
that purpose, gradient estimation essential for the weight update process of the blind algorithm is needed to
be dealt with.

After derivatives of the ED are taken, the relationship between the current and the next time
components produced from the derivation is investigated to figure out whether gradient estimation can be
carried out recursively with reduced computational complexity. And then it is experimented to prove that the
proposed method produces the same equalization performance with the significantly reduced computations
compared to the block processing method introduced in [6].

This paper is organized as follows. Section 2 presents the definition of Euclidean distance between
the PDF of the equalizer output samples and a set of Dirac delta functions. The estimation of the ED is shown
to be able to be carried out recursively in Section 3, and the recursive calculation of the gradient of the ED is
proposed for the weight update in Section 4. Section 5 reports simulation results and discussions. Finally,
concluding remarks are presented in Section6.

2. EDBETWEEN THE EQUALIZER OUTPUT AND A SET OF DIRAC DELTA FUNCTIONS
The similarity measure between two distribution functions of the desired symbols and equalizer

output samples can be estimated through the ED calculation. The ED between f, the PDF of the desired
symbol and f, the PDF of the equalizer output is defined as

ED(f,, f,) =j[fD(a)— f(@)Fda = [ f2(a)da + [ 17 (@)da -2[ f(@)f, (@)da (1)

The output PDF can be constructed by the kernel density estimation method for output samples at
time K {Yie, Yi10++» Yi_n o f With the sample size N [2].

- ¥ el U &

=k—N+1

The PDF of the desired symbols can be expressed as Dirac delta functions when the M symbol
points {sl,sz,...,sM }are equally likely [6].

i) =ﬁ[§(d Cs)+5(d =8,) o +5(d =5 )+t 5(d =5, )] @)

Substituting (2) and (3) into (1), each term of (1) becomes

[ f3(@)da :% @)
2 1 < X 1 —(y, y)

JW@da =Tz 3 3 ot e ] ®)

[ ol@, () =03 1, (5) = 3 el W ©
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For convenience, the equation (5) and (6) are defined as A( and Bk, respectively, then
ED(f,, f,), at time k becomes

1
ED(fD’fY)k:V"‘Ak_Bk (7

It is noticeable that A< in (5) and Bk in (6) are calculated through double summation operations so

that this block processing method demands heavy computational burden.
One of the basic ideas of the ITL method is that data samples can be considered as physical

particles in physics. That is, the sample values Y, and Yj in (5) are considered as information particles placed

at the locations of Y, an Y- The Gaussian kernel 1 exp[ — (- y) ] produces an exponential
201 4o?
decay with the distance between the particles. This leads us to consider the Gaussian kernel as a potential
field inducing interaction among the information particles. Then ‘ 1 - (- ¥ s
> exp[ 1

j=k-N+1 20 \/; 4o
corresponding to the sum of interactions on the i th particle, and

1 ‘ 1 — (¥, =¥+ in (5) is the sum of all pairs of interacti i
ex i pairs of interactions. This overall

Nz zN+lJ zN+120—’\/; p[ 40_2 ]

potentlal energy is referred to as information potential [1].
According to the concept of information potential, the ED (7) can be regarded as a combination of

1
information potentials; V caused by the pairs of transmitted symbol points, A, by the pairs of output

samples, and B, by the pairs of symbol points and output samples. When a new output sample Y, ,, comes
into the combined potential field at time k+1, A ,,and B, , of ED(f, f,),.,are renewed by computing
interactions among all corresponding sample pairs. We can observe that the old output sample Y, _, ., leaves
the field while the new sample Y, ,; comes into it. This indicates that the interactions between Y, _\ ,;and
the other samples are discarded while the new interactions between Y, ., and the others are added to the
combined potential field. It is noticeable that each new information potential at time k+1, A and B, ;
might be calculated just by adding new interactions related with Y, ., to the current information potentials
A and B,, and subtracting old interactions related with Y, ,.,from the current information potentials.

This points out that a simpler method for ED( f,, f, ) calculation can be possible than the block processing
method of carrying out double summation operations for (5) and (6) at each iteration time.

3. RECURSIVE ED ESTIMATION
During the time interval 1<k < N, only k output samples are available at time k. Therefore two

cases will be dealt with, that is, the A\ and By are for the initial state 1<k < N, and A’ and B are for the
steady state k > N, as follows.

SORREELLE e ®
_ 2y 1 — (S, = i)’
B = kKN ;; 0'\/% expl 207 ] ®
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1 ¢ v 1 —(y; - %)’
= — ex A 10
A< NZ i—l(—ZN+1j—I;\l+l 20_\/; p[ 40_2 ] ( )
S 1134 < 1 r (S y|)
= - ex 11
Bk M N ;i:lg\llﬂo- 2 Pt ] ( )

In the initial state 1<k <N, the terms of ED(f,, f,),.;. A, and B,,, can be estimated
recursively as

k+1 k+1 ( j_yi)2
A= (k+1)zzzzm/_ xpl 4o |

i=1 j=1

_ N -y -, 1 —(y; yk+1)
—(M) k{ZZZGf expE—, 1+; PRl ]}

TR S | ~ (Y= Y0’

i 1

iC +k12) kzkizm/—eXp[ 0, yk+1) ]
:(klfl) (k +1)2 ;20 o (yk+1 y,) 1+ - il) { 2 2;/_ ot (yl402/k+1) ]
+2;/; exp[_(ykzo—lykﬂ) ]} )
k2 " (ykﬂ_yi)2]+ : 1 (13)

A= (k +1) (k +1)2 220\/_ A5? (k+1)? 207

2 2
where the equality exp[‘(yk4+l—;yi)] — expl —Yi = Yie) 'y s uilized in (12) for (13).
o

similarly, e
s = (k +21)|v| imimﬂexm (Sg —Zyi)z]
(k +21|;kM Zk:ia 12” expl (sg Zy.)z]
T K +21)M mim \/—eXp[ w]

The equations (13) and (14) show that ED(fy, f,),,,in the initial state can be calculated with

Y1 and the current ED terms A: and Bq: :
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In the steady state, each component A°, and B>, of ED(f,, f,), ., can be divided into the Y,

related terms, the Y, _\,; related terms and the remaining.

s _i k+1 k+1 1 _(yJ y)
Na=37 2. 2 0\/—e><p[ ]

2
N i=k—N+2 j=k- N+2

— (¥ = Vi)’ 1 —(y. - 2
+ ex ! + _ Yi = Yiena1)
P P e ﬂ

1 X 1 _(Yk+1_yj)2 n 1 ex (yk yk+1)2
N2 |:j§+l 25\/; exp[ 40'2 ] 2(7\/_ p[ ]

= (Yir = Y 1)2 1 d 1 ~(Yena— y)?
ex + = + i
pl 157 | N jzg@ o J;eXD[ PRI

2
exp[ (yk N+ 2yk N+1) ]j| (15)

1
20\/;
eXp[_(yk N+1 yk+l) ]

+ =

1 1
207 201 Ao

— — 2 —
Utilizing the equity  exp[ (y"*14 32ka+1) 1=exp[ (Ve N4*1 - Vi)’ ] in (15), A’ can
o
be rewritten as

PRSI R LI o Zalfexp[ i i c-t) |

N2
NjkN+1 NjkN+1

2 1 — (Vi1 — Yk N+1)
= ex 16
N2 267 Pl 4 I+ N2 20'\/_ (1)
Similarly,
2 k+1 M (S y)
BS ex
1 NM i= kZN+2mzla\/_ p[ 20 2 ]
2 ¥ — (s, y)
=< ex !
NM ZZGF P

2 Z 1 [ = (Sy, yk+1)] 2 Z 1 [ — (s, yk N+1)]

exp exp

+
NM & o227 NM &&o 27

2 ¥l 1 — (S~ Vi) 1 —(Sp = Yienar)”
— BS ex m k+1 _ ex m k=N+1 17
o NM ;[G«Qﬂ PL 20 ] o271 PL 202 ] an

The equations (16) and (17) proves that ED(f, f,),.,in the steady state can be calculated with

interactions with Y, ,,and Y, ;. based on the current information potentials A(S and Bf [7].
In summary, the equations (13), (14), (16) and (17) are a recursive version of the block-processed
calculation of ED(fy, f,),.,. That is, information potentials in the Euclidean distance can be estimated
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recursively. Furthermore, the computational complexity of its recursive version has only O(N) which is
compared apparently with O(NM ) of the block-processed ED.

4. BLIND ALGORITHMS BASED ON RECURSIVE GRADIENT OF ED
The output Y, at time K of linear equalizer structures such as a tapped delay line (TDL) with L

weights, the input vector X =[X,, Xy, X_.q]" and Wi =Wy, Wi ..., W, ;] can be expressed
as Y, =W, X,. Blind algorithms searching for its optimum weight vector are derived from the
minimization process of performance criteria, for which the Euclidean distance ED(f,, f,)in (7) is
1
employed in this paper. That is, the minimization of ™M + A, — B, with respect to the equalizer weights can
be carried out recursively by using the gradient of the criteria and the steepest descent method as
(A —By)
W =W, —u L (18)
oW

1
whereﬁ is omitted because it’s not a function of weight and x4 is the step-size for convergence

control.

When the gradient at time k is calculated by the block-processing

oA -B)_0A B,
oW oW 0
method directly on (5) and (6), it is obtained as

A _ =0 -y)
(X =X, 19
oW 2N202 .:kZN;l J:klefly : 0 207 expl 4c° 1% ) 19)
B, 2 LY 1 (8, V)
—Yi)—=—= 1 X 20
6\N NM 2 ZN ;(Sm y|) o 272_ eXpI. 202 ] i ( )

The weight update equation (18) with gradients (19) and (20) has been introduced in the work
[6]. In this section, a recursive version of the algorithm is proposed by using a similar approach that was
used in the recursive ED estimation introduced in the previous section.

It can be noticed that the gradients (19) and (20) are described for the steady state so that they are

oA OBy . o oA oB)

corresponding to ——and ———, respectively. The gradients in the initial state —" and ——— are written
oW oW oW oW

as
ZVA\I/ B 2k3 2 ;;(y, %) 2oz eXp[_(y;;zyi)z]'(Xi =X;) (21)
R RICR T L R o
Then
(?VIG 2(k +11)2 2 sz:tii(y' %) J_expl (y;;zyi)z]'(xi -X;) (23)
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By 2 Ay (5p— )

== exp- 21X 24

T DL R e e R 24
. - . o OAL OBy, e

Using the similar approach as in (12), the gradients and W can be divided into the

terms related with Yy, ., and the remaining.

6A(+l _ k2 k | k+l _(yj _yi)z
oW (k +1)22k’ ZZ[Z()’J ¥i) - \/—exp[ = 1-(X _xj)}

k* N _(yj _Yk+1)2
e 2 W) o R T 06X
K3 (- W)’
:m;{g(y, %) \/_e P, ](Xi—Xj)}
% ey
g o) 5 el Y o
k2

1 ~(y, _yk+1)2
S — - : 7] (X —X.
(k +1)22k262 JZ;,(YJ Y1) 20_\/; EXPE 152 1 (X ,)

+k—2(y ~ Vi) - L
(k +1)22k%c2 7Y o r

_(y+ _y+)2
expf kjbz“ 1-(X

kil — ><k+1)

k? 8A( 1
Tk W (kido zz(ym Y,) f

— — V. 2
expl =20, (- ,.,) @9

The equation (25) indicates that the next gradient can divided into the term of the current gradient
and the other term of y, _, .

On the other hand,

By, oy 1 —(sy— V)’
== S expf ! X

oW (k+1)M 2{;;‘(’“ o2n P I

1 —(Sy = Vi)’
v ). 1) 1.x
+Z(Sm Yir) > \/Z EXPL 252 1- X

:(k+1§Ma {Mka o 250 Vo) el Sy ]-xm}

k 53! 2 1 (S = Vi)’
. 4/ 1.%
T K+l oW (k+1)M0'2 Z( Yea) a\/ZreXp 267 1 X (26)

|
Bk +1

ow

aA: +1

Through (25) and (26), the initial state gradients and

aAkS +1
oW

can be obtained recursively.

aBkS+1

Similarly, the steady state gradients and can be investigated whether they can be

separated into the terms related with Y, ., and the ones related with Y, _ ;.
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From (19),
A 1 & & =0 -y)
— = ex (X =X,
aW 2N2 2I kZN+2 i %Ezyj yl \/_ pL 40_2 ] ( i ])
. S _(yj _yi)2
ex (X =X.
NZ 2 ZN J|<Zl\|+(.2/1 yl \/— pL 462 ]( i J)
S ~(Y; Vi)
2N2 2 kz;,(g’, Yisr) - \/;eXpL 157 I Xia = %)
j +
1 k+1 (y _y_ +)2
_2N2 2 Z(yj Yionsa) - \/; p— :Nl ] (X na XJ)
j=k-N+2

> { Z(y, Yi) - \/—expl (yjl zy')](Xi—X,-)

i=k—N+1,| j=k—-N+1

1 ~ (Ve = Yi)°
+ -v)- expf—2L 2 1. (X - X
Yies = Yi) ool n PE 157 1-OX ki)

g X i By
.2;/;exp[_(ng’k*l)z]-(xkﬂ—xj) o7 Vs = Yie)

;/_ expl (ykzojykﬂ) 1% =X._.)
—W(yk,w—ym)- o \/—epr O = EENCIE

Z(yl yk N+1) 2 \/;exp[_ j2027 ]'(Xk—N+1_xj)

ON2.2
2N j=k—N+1

1 1 ~ (Vi = Yina)
- N (Yeor = Vo) '20_\/; expf—=* 1402k M (Kinar = Xin)
1 ~ (Vi = Vi)’
4+ _ . ex [ K=N-+1 K—N-+1 . X —X
2N20'2 (yk—N+1 yk—N+1) 20_\/; pL 4 2 ] ( k—N+1 k—N+1)

0 1 1 2
=£V 2N2 5 Z(ym yi) - \/—exp[ (yk” y') I (X = X11)
j=k—-N+1

_ v 2
Nz B N fexp[ (yk-;;z W1 (X~ Xy )

jkN+1

=Y Vi)’
2N2 2 %Elyj R \/; pE J4O_2kl I (X = X%;)
1
_W(yk—Nﬂ_ yk+l) ' 20 /—eXpr (yk '\Z;_Z ykﬂ) ] (Xk+1 K N+1)
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1 (Y5 = Yiena)
_2N2 %(1)’1 Yions) - 5 \/;eXpL J4 ;Nl 1 (Kina XJ)
] =+,
1

k=N~ xk+1)

(y+ y +)
2N2 (yk+l yk N+1) O-\/_ expr k140k N+1 ] (x

0 1 — —v.)?
8&/ N2 2 ,%(}/kﬂ %) \/_EXp[ (yk;laz ) 1- (X = X.0)
j= +

Z(yk N~ Vi) - \/—eXp[_(yk_::g_ %) 1- (X = Xy _nia)

NG]kNJrl

eXpr (yk N+1 yk+l) ] (Xk+1 . N+1) (27)

_NZ—OJ(yk7N+l_yk+l).2 \/— 401

aA? +1

From (27), we can observe that the next gradient of information potential can be acquired

OA; . o 0B
ow

recursively from the current gradient GW and other terms related with y, ., and Y, ;. Similarly,

is analyzed to see if it can be obtained recursively as described below.

0B, 2 & 1 — (5= Y’
ZTk+l S expl- m ! X
oW  NMo? . kzh:gz,nz;( o2n P I-%

{ Z Z(S G\/_exp[_(sgojzyi) 1- X,

i=k—N+1m=1

+ Z(Sm - yk+1) ’ sz_ eXp[ (

K —(sy yk_N+1)2 ,
Z(S ~Yiena)® \/—eXp 502 ] Xk—N+l}

8BS 2 Y 1 — (S, — Yir)?
S, — : expf kil 1. X
GW NM 2 Z_;|:( m yk+1) o /_27[ p 202 ] k+1

8 Yon)
m k—N+1 O'\/Z_

2
expr (S 20)-/|2<N+l) ]'ka+1:| (28)

In summary, the weight update in (18) can be carried out with the gradient that is

OED(f,, f,)
oW
recursively obtained through (25), (26), (27) and (28), as opposed to the block-processed gradients (19) and
(20). Also the recursive equations show that the recursive version of the gradient has significantly reduced

computational complexity of O(N) while the block-processed ED hasO(NM ).

In the following section, it will be investigated if the proposed ED estimation method in which the
information potentials as components of the ED are calculated recursively yields the same estimation results
as the block-processed ED estimation method does. And then it will be shown that the gradient of the ED for
the weight update has equal results for the two cases of the block-processing method and the recursive
calculation method.
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5. RESULTS AND ANALYSIS

In this section, simulation results in the same environment of blind equalization using the MED2
algorithm as in [6] are illustrated for the two approaches of the block-processing and recursive methods to
estimate the ED being minimized and the gradient of ED coming to zero.

The transmitted symbol points are {+3,+1} so that the probability density function (3) becomes

fD(d):%[é(d +3)+0(d +1)+5(d -1 +(d —3)]. The channel impulse response h; is chosen to be

h =1/2{1+cosPx(i—2)/3.3]}, 1=12,3[8]. The data-block sizeN =20, the convergence parameter

4 =0.005, and the kernel size is setto be ¢ =0.6.

In Figure 1, the trace of Euclidean distance for the two methods is depicted where the block-
processing method is by (4), (5) and (6), and the recursive calculation is by (13), (14), (16) and (17). As the
MED?2 algorithm designed to minimize the ED converges, the distance decreases rapidly with iterations. The
two methods yield the same distance estimation performance showing no difference between the two
methods, but we can observe a slight difference in Figure 2 that is focused in the initial part of iteration
(1<k < N). That is, the two methods produce different estimation results but getting closer to each other

until the iteration number 20, and in the steady state (k > N)they yield exactly the same estimation

performance. We see that the difference during the time interval 1<k < N is due to the number of output

samples being available at time k.
For fair comparison, we need to present convergence curves for all (L =11)weight gradients, but

only the gradient of the center tap weight is presented just for the limited room of this paper. Similar results
are observed in Figure 2 that shows the trace of center tap gradient calculated by the two methods; the block-
processing method by (19) and (20), and the recursive calculation by (25), (26), (27) and (28). As the
gradient converges by the MED2 algorithm, fluctuations of the gradient decrease and the gradient value
concentrates at zero after the iteration number 4000, from which the ED converges also as in Figure 1.
Though a slight difference is observed in the initial part of iteration (1 < k < 20) as shown in Figure 4, the two

methods give the same gradient estimation results in the steady state (k > 20) as observed in ED estimation.

0.4
Q 03 ‘ T Block-processing method
(8] . I l . .
S ‘ it | & Recursive calculation
@ (i
© il ‘ |
c 1 Ml I Il ““
I 'Oy L
] 1! 1
=] I
©
T 021
\
} il 1| ‘lw‘ TN IRm I
Al AR AR
N e e I M (UM
0.1

T T T T T T T T T 1
0 2000 4000 6000 8000 10000
Iterations (number of samples)

Figure 1. Euclidean distance for the block-processing method and the recursive one
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Figure 2. The comparison of Euclidean distance in the initial part of iteration

0.4+

Gradient

-0.3

Block-processing method
Recursive calculation

-0.4

T T T T
0 2000 4000

T T T T 1
6000 8000 10000
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Figure 3. Gradient for the center weight update for the two calculation methods; the block-processing method
and the recursive one
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Figure 4. Gradient comparison in the initial part of iteration

The computational complexity analysis could be carried out in the aspects of time complexity and
number of operations (usually multiplications), but in this paper the number of operations is analyzed
according to conventional complexity analysis in the research field of equalization [9], [10].

1
For the sake of convenience and comparison, we consider the terms Texp[.] in (19)
2N%6

2 i
and ——————eXp[.] in (20) as a constant. Then the number of multiplications for the conventional
NMo® /27

gradient estimation of (19) and (20) is 2(N?+ NM). Similarly, the number of multiplications for the
proposed estimation of (27) and (28) becomes 2(N + M) + 6. The comparison of multiplication operations
with respect to the sample size N is described in Figure 5. It is noticeable that the number of multiplications
of the conventional method increases like a quadratic function with respect to N while that of the proposed
estimation remains linear. For N =20, M =4 which are used in the simulation, the complexity ratio of
the conventional method to the proposed estimation is 960:54 .
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Figure 5. Comparison of the number of multiplications for sample size N

6. CONCLUSION

The blind algorithm based on the criterion of ED minimization between the output distribution
function and a set of Dirac delta functions located at the symbol points yields superior performance.
However, it has a great deal of computational burden due to some double summation operations. For efficient
implementation of the algorithm, a recursive approach to gradient calculation for reduced computational
complexity is proposed in this paper. The Euclidean distance to be minimized is comprised of information
potentials, and it can be calculated recursively based on the currently obtained information potentials. Also,
the weight update of the algorithm can be carried out recursively based on the current gradient. The
computational complexity of each recursive approach to gradient calculation has only O(N) which is
significantly reduced when compared with O(NM) of the block-processed method. From the simulation
results showing that the proposed gradient estimation method in the steady state yields the same estimation
results as the block-processing method, we can conclude that the proposed recursive gradient estimation
method is significantly efficient with regard to the computational complexity that is crucial to efficient
implementation.
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