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Many mathematicians have been interested in establishing more stringent bounds on
the numerical radius of operators on a Hilbert space. Studying the numerical radii

of operator matrices has provided valuable insights using operator matrices. In this
paper, we present new, sharper bounds for the numerical radius + H |A]? + A2 H <
w?(A) < 1 ||A]* + |A*|?||, that found by Kittaneh. Specifically, we develop a new
bound for the numerical radius w(7T") of block operators. Moreover, we show that these
Keywords: bounds not only improve upon but also generalize some of the current lower and upper
bounds. The concept of finding and understanding these bounds in matrices and linear
operators is revisited throughout this research. Furthermore, the study emphasizes the
importance of these bounds in mathematics and their potential applications in various
mathematical fields.
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1. INTRODUCTION

Consider a complex Hilbert space H. The C* —algebra of all bounded linear operators on # is denoted
as B(#). Throughout this paper, we define the real part Re(.), the imaginary part Im(.), the absolute value |.|,
the numerical radius w(.), and the standard operator norm ||.|| for A € B(H) as follows:

AL =58
2 21

Re(A) = |A] = (A*A)3,

w(A) = sup {|(Az,2)| - @ € H, 2l =1}, Al = sup {V/{Az, Az} s & € M, o]l =1}

It is known that the norms w(.) and ||.|| are equivalent and satisfy
1
1Al < w(4) < 4], 0

for every A € B(#H). With a few exceptions, it is typically challenging to determine the precise value of the
numerical radius w(A) for any matrix A € B(#). As a result, researchers have worked on determining tighter
upper and lower bounds of w(A) for general matrices A, better than those presented in (1). Readers can consult
[IL]-[S]] and the references therein for the latest developments on the upper and lower bounds of the numerical
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radius. The authors investigated numerical radius inequalities for sectorial matrices, a particular type of ma-
trix, in [6]—[8]. They created several more precise upper and lower bounds for the numerical radius of these
matrices. The study in [9] explains the basics of Schur complements in the context of a particular numerical
radius problem. New inequalities for a generalized numerical radius of block operators are presented in [10].
An improved bound for the numerical radius of n X n operator matrices is developed in [11]. Additionally,
they give numerical radius bounds for the product of two operators and the commutator of operators. New
upper and lower bounds for the numerical radii of some operator matrices are found by the authors in [12]. In
[L3], a new bound for polynomial zeros is derived. Understanding norm-related and numerical radius-related
inequalities is crucial when performing mathematical analysis. This knowledge offers important insights into
operator behavior and approximation accuracy. A comprehensive review of several inequalities concerning the
Euclidean operator radius is given in [[14]. It covers addition and multiplication for groups of n-tuple opera-
tors. The need for more stringent and general bounds on the numerical radius of operators on Hilbert spaces
is discussed in this paper. The effectiveness of existing upper and lower bounds in a variety of applications is
limited because they are frequently sub-optimal, especially for block operator matrices. Our findings provide a
more thorough understanding of numerical radius behavior, particularly for block operators, by both improving
and generalizing current estimates. The enhanced bounds complement theoretical advancements in functional
analysis and operator theory. With possible uses in mathematical physics, quantum mechanics, and numerical
analysis, they offer improved analytical tools for researching operator matrices. Our method ensures wider ap-
plicability by methodically generalizing existing upper and lower bounds, in contrast to earlier studies that only
provide isolated bounds. Advanced inequalities arguments are used to construct theoretical proofs, guarantee-
ing the generality and robustness of our findings. In particular, we improve estimates for block operators by
deriving new, sharper bounds for the numerical radius of operators. These bounds offer a more comprehensive
framework for numerical radius analysis by both improving and generalizing previous findings. The enhanced
bounds may result in more accurate numerical techniques for linear algebra and functional analysis, which
would be advantageous for computational mathematics. Applications for the findings could be found in control
theory stability analysis, quantum mechanics, and other domains where operator. This work opens the door for
further exploration of numerical radius bounds in more complex operator classes, potentially inspiring future
research on non-normal operators and unbounded operators in Hilbert spaces. Numerous mathematicians have
aimed to improve the inequalities in (1). For example, see [15]-[20]. In [16], Kittaneh refined the inequality in
(1) by proving that if A € B(H), then

1
1 AP + 4P < w?(4) < 5 [[[AP + AP (2)

1
2
Let 1, s ...., H,, be complex Hilbert spaces, and let B(%;, #;) be the space of all bounded linear

=1 =
sum of H;,% = 1,2, ...,n) can be represented by an n x n operator matrix T = [T};] , where T;; € B(H;, H,).
To discover more important results related to the numerical radius of operator matrices, see [21]—[26]. The
results given in [15] motivated us to develop new lower and upper bounds for n x n operator matrices. In

n n
operators from 7 ; into ;. Based on this structure, any operator T' € B ( b ’Hi> (where @ H; is the direct
i i=1

0 A
particular, we show that if T = ) Az , where {A;};" | C B(H), and Ay, As, ..., \,, € H,
A, 0
then
w(T)>1max |||A-|2+|A* , \2||+1max |\|A-+A* ol = 1A — A, \||
- 4 1<i<n 2 n—i+1 8 1<i<n 2 n—i+1 1 n—i+1
and
w (T) <1 ax AP + [An—ia || + 1 max w (AL [A])
= 4a<icn 1T noih 2 1<i<n n—itll Il

As special cases of these bounds, we will refine the inequalities in (1) and (2). We will also provide some
concrete examples showing how these new bounds improve upon those in (1) and (2).
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2. BACKGROUND PRELIMINARIES

In this section, some key results about the numerical radius and the operator norm on a complex
Hilbert space are reviewed. These results are essential for proving our main findings. The following lemma
describes the numerical radius of an operator in terms of the numerical radius of its blocks, as seen in [23]].

Lemma 1. Let Ay, As be two bounded linear operators on . Then
A 0 A A

(@ w ! = max{w(A1),w(A2)}; (b) w ! 2 = max{w(A; + Ag2),w(A; — Az)}.
0 Ao Ay Ay

In particular,

([ %)) e

A special case of the mixed Schwarz inequality, which is found in [[18]], is the lemma that follows.

Lemma 2. Let A be a bounded linear operator on H. Then, for any x,y € H, we have

|(Az,y)* < (Al z,z) (|A7] 9. y) -

The following lemma is one of the most important results about the numerical radius that we will use in our
proofs. This lemma can be found in [19].

Lemma 3. Let A be abounded linear operator on H. Then, w(A) = max ||Re (¢?A)|| = max [|[Im (e”A)]| .
R 0ER

The next lemma is the Buzano inequality (see [27]]).
Lemma4. Leta,b,e € H with [[e]| = 1. Then |(a,e)(e,b)| < % (||al| 6] + |(a,b)]) -

As stated in [29], Theorem [7]and Theorem [T2]can be proved using the Kittaneh result, which is the subject of
the following lemma.

Lemma 5. Let A, B be positive bounded linear operators on H. Then

|4+ Bl < max{]|All,||BI|} + 4% B2

For A € B(H), the spectral radius is defined as r(A) = sup {|A| : A € 0(A)}. Before concluding this section,
we introduce the following lemma, which provides two important properties for r(A) and is key to the proof
of our first result.

Lemma 6. Let A, B be bounded linear operators on . Then
(a) r(A) < w(A) < ||A]| (the equality holds when A is normal), (b) r(AB) = r(BA).

3. THE MAIN RESULTS
A new upper bound for the numerical radius of a n X n operator matrix is introduced by the following
theorem, which we use to start our results.

Theorem 7. Let A;, As, ..., A, be bounded operators on a complex Hilbert space H, and let M = [mij]an
where

o A i+i=n+l
1 0, otherwise

Then

w(M) < 3 e A + 5 e [l 4n-oal 24712

1 1 1 *
= - max |4 + 5 max r (|An—it1] [A7]) -

1
2 2 1<i<n

We start by noting that |M| = [py],, ., and |[M*| = [q;],,,.,, Where

_ ‘Ai|’ t=7 _ |Ar|’ t=7
Pij _{ 0, otherwise ’ and g5 = 0, otherwise
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Now, for any unit vectory € H & H P --- & H, we have

My, 9)| < (Mly, 9} 2 (Mg )? < = (M + M) v, v)

1
2 <[pU + qU]nxny y> 2 ([le + qU]an>

1 *
= 5 max |[[[Ap_ipa| + [AF]]

)—‘[\p‘

2 1<i<n
1 A, 1 A 2| A} > by L
= 5 g, 14l + 5 g [l An-sna 471 by LemmaB
Therefore,
1 1
w(d) = sup [(My.9)| < 5 a4+ 5 ma [l An-sea 471
yll=1 =

— L a4+ 2 max | (14n-isal?14;1%) (\An—wl‘%'f‘f'%)*H%

2 1<i<n 2 1<i<n
1 1 1. 1|2
= 5 max [ Aill + 5 max [[[4u-ipalF|A7|Anmisa
1 1 1 1. 1
= 5 max A + 5 max 5 (|4 A | Au-ia]?) by Lemmaf§a)
1 1
=3 max x |4l + = 5 oax 2 (|An_isa||AZ]) . (by Lemma [6{b))

This completes the proof of the theorem.
It is worth mentioning that Theorem [7] generalizes the result found in [13]] for the case n = 2. Addi-
tionally, when A} = A; = ... = A, = A, we get

1 11
w(d) < 5 Al + 5= (jAllAT) . 3)

It is evident that the upper bound in (3) is tighter than the upper bound in (1). For example, if we consider

A= [ 8 é } , then then the upper bounds of (1) and (2) are 1 and %, respectively. While the upper bound

of (3) is %, which emphasize our claim . Next, we provide four lower bounds for w(M ), where M is ann x n
operator matrix.
Theorem 8. Let {A;}!"_; C B(H) and let M be as in Theorem Then

1 1 " ”
w(M) > 5 rg | Aill + 1 1I£Z?igxn|||Ai + An7i+1” - ||Az - An7i+1|H .

ax
<n

By Lemma[3] we have

1
w(M) > [Re(M)]| =  max |4+ An_pp || w(M) > [In(M)] = 3 max [[4; Ay

2 1<i<n

Thus, for each k € {1,2,...,n} we have that

1
w(M) > 3 maX{HAk + A:kkﬂH g HAk - AZ#@HH}
1 * *
:Z(HAk‘i‘An gt || [ Ak = A5 ) + H‘AIH‘A S| = 1A = AL ]
1
> 1 H(Ak +A:L_k-+1) (Ak — A k—&-l)H +7 |HA’f + AL k+1H - HAk — A "H‘lH’

This implies that w(M) > 3 max 1Al + & max (| Ai + A5 i || = ||Ai — A;_i4 ||| - The following

refinement of inequality (1) is a dlrect result of Theorem@
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Corollary 9. Let A € B(#). Then w(A) >
the lower bound of (1).

Al + 7 A+ A*[ = [|A = A*[l| = 5 [|All, where 5 [|A[| is

3 3 |
2 2

Theorem 10. Let {A;};-; C B(H) and let M be as in Theorem Then

1
w?(M) > 7 max (|4 + 145 oo+ g max (4 + A - 4 - 4P

1
41
For each k € {1,2,...,n}, we have that

1
w(M) > imaX{HAk + A;_k_HH ) HAk - A:L—k+1||} :

Therefore,
wH(n) 2 Jmax {4+ 45 A}
1
s (146 + An sl + 1146 = A7)
+ g 1k + An ol ~ 14— Al
This implies that
1 1 « 2 N 2
M) 2 5 (IRe(DIP + (M) + 5 mase || s+ A5 s | = 4 = 45
1 1 ” 2
= 5 (IR + 1> WD) + § mase 14+ A7 = [ 4 = 45
1
zdmﬁwﬂ+mﬁMH+7mw“MﬁALWJ—WA Al
1 %
= 5 1A + 1A Pl + g e [l Al = 14— Ana ]

Corollary 11. If A € B(H), then

1 1 1
w(A) = 7 [[[AP + [ATP[| + g [I[A+ A7[P = [JA = A7|?| = 7 [[|A]° + 47

where  |||A|? 4 |A*|?|| is the lower bound of (2).

Theorem 12. Let {A;};_, C B(H) and let T" be as in Theorem Then,

w*(T) > ;max{max ||A + A Z+1}2

1<i<n

14 = 85l

1<i<n

1
+ g I+ Al g A= Al

2 QXH‘AF‘HA ]| -

1
4
For the first inequality,

WA(T) = gw?(T) + gu(T) > g max { [Re(D)|, [Tm(T)|2} +  [Re(T)]| [1m(7)]

1
SmM{E%J&+A ol e - A Hm?

1
+ gz I8 sl 1= Aol
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For the second inequality,

1
Zl%af WA ? +|A, z+1|2H

% [|[Re*(T) + Im*(T)||

IN

érnax{HReﬂzwn,thﬂzwn}+—§nRecrnHuann\
* s = A7

1
+ 5 max A+ A ip] max (A= A7 -

1max{ max HA +A_,
8 1<i<n

By Theorem [12]and Lemma|[T{b), we have the following corollary.

Corollary 13. Let A € B(#). Then
1 * * * * *
wA(A) > S max (A -+ A% A — A} + £ A+ A A~ A%) > 7 1A + A%

where 1 [||A[? + [A*]?|| is the lower bound of (2).

To prove our next result, we need the following lemma, which can be found in [28]].

Lemma 14. Let A, B € B(H). Then
2 * *
1A+ BII” < 2max {|[[A* + [BP[[, I|A*|* + |B*]*|I} .
Theorem 15. Let {A;}!"_;, C B(H) and let T be as in Theorem Then

1 4 1 * 4 1 *
L Ak A+ 2 e = 8> e AT+ sl

w4(T) >

For the first inequality, we have

wH(T) > max { [Re(D)|1*, [1m(T)|'} > £ (IRe(@)]* + 1)) ")
= g e 1A+ A5 g e A= A

Now, for the second inequality, we have

1 1 2
16 duax, 1AF % + [ Apia || = 1||Re2'(T)+Im?(T)|\
< % (||Re4(T) + Im4(T)H) (by Lemma([T4)
1
< 5 (IRe(m))" + Itm(D)))")
1 N 4 1 N 4
= 35 ax A+ AL ||+ 55 max A= AL |
Remark 1. Let Ay = Ay = ... = A,, = A. Then by Theorem[I5] we have

1 1
w?(A) > \/IIA+A*H +lA At 2 7 AT+ 1A%

where 1 [|[A]2 + |A*|2H is the lower bound of (2).

At the end of this paper, we remark that all the inequalities in our results become equalities if A; = A,
where A is a bounded linear operator, and Ao = A3 = ... = A,, = 0.
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4. CONCLUSION

In this paper, we have introduced several new inequalities that help limit the Euclidean numerical
radius and its arithmetic operations. These results also provide useful tools for establishing inequalities for
the numerical radius w(7") of block operators. The study offers a new inequality that provides more accurate
bounds for the numerical radius by carefully analyzing inequalities for numerical radii in n X n operator matrices
that include block operators. Additionally, we show that the bounds we obtained here not only enhance but
also generalize some of the existing lower and upper bounds. This analysis emphasizes the significance of
understanding bounds in matrices and linear operators, and it highlights the key role that symmetry plays in
mathematics across various disciplines.
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