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 In this paper a simple adaptive sliding mode controller is proposed for 

tracking control of the wheel mobile robot (WMR) systems. The WMR are 

complicated systems with kinematic and dynamic model so the error 
dynamic model is built to simplify the mathematical model. The sliding 

mode control then is designed for this error model with the adaptive law to 

compensate for the mismatched. The proposed control scheme in this work 

contains only one control loop so it is simple in both implementation and 
mathematical calculation. Moreover, the requirement of upper bounds of 

disturbance that is popular in the sliding mode control is cancelled, so it is 

convenient for real world applications. Finally, the effectiveness of the 

presented algorithm is verified through mathematical proof and simulations. 
The comparison with the existing work is also executed to evaluate the 

correction of the introduced adaptive sliding mode controller. Thoroughly, 

the settling time, the peak value, the integral square error of the proposed 

control scheme reduced about 50% in comparison with the compared 
disturbance observer based sliding mode control. 
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1. INTRODUCTION  

Wheel mobile robot (WMR) is one of the important branches of mobile robot with widely 

applications such as agriculture, service industry, and manufacture industry [1]–[5]. WMRs are classified into 

two main types, holonomic and nonholonomic robots [6], [7]. In comparison with holonomic type, the 

nonholonomic robots are more difficult in control because they are underactuated systems. In addition, the 

working of WMR is affected by many factors such as the surface of the floor, the working load, or the slips 

of the wheels. These challenges are the motivations for researchers to investigate to the controller design for 

nonholonomic wheel mobile robots to track the desired trajectory under the effect of the uncertainties, wheel 

slips, and external disturbances. 

Recently, many efforts have been introduced to solve the problem of tracking control for WMR 

including backstepping control [8]–[11], adaptive control [12]–[15], sliding mode control (SMC) [16]–[24], 

and intelligent control [25]–[28]. In these, the sliding mode control is one of the popular control algorithms to 

deal with the problems of nonholonomic WMRs. In [16], an enhanced variable structure based on sliding 

mode is developed for tracking system of the nonholonomic WMR. The sliding surface is designed firstly, 

then the sliding controller is established based on the kinematic model. This control structure ensures the 

small error of a pose and controllable linear velocity and angular speed. However, the disturbances and 

uncertainties are not analyzed in this work. In [17]–[19], the adaptive sliding mode controls are introduced 

for kinematic control of wheeled mobile robot. All control schemes ensure good performance with reducing 
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computation time. Despite these advantages, the mentioned adaptive SMCs do not consider dynamic 

uncertainties and disturbances. On the contrary, the SMC algorithms in [20], [21] only consider unknown 

dynamics and disturbances. The uncertainties and disturbances in the kinematic are not investigated in those. 

The nonsingular recursive-structure sliding mode controller is introduced in [22] for tracking control of the 

WMR. The disturbance is observed by a fixed-time observer and the upper bound of the observation error is 

adapted by an adaptive law. The control scheme in [22] guarantees the finite-time stability of the sliding 

surface but the tracking errors only converges to a small region of the origin. In [23], the sliding mode 

control is combined with a disturbance observer to deal with the multiple types of uncertainties. With this 

combination, the compensating error is eliminated, and the performances of the system are improved. 

However, in this scheme, it is assumed that the wheel slips and disturbances are only appeared in the 

dynamic loop. The WMR system in [24] is controlled by an adaptive SMC to track the reference trajectory 

with considering disturbances and inertia uncertainties. The control scheme achieves finite-time convergence 

of two subsystems, avoids explosion of calculation. Despite of these contributions, the given control 

algorithm does not consider the wheel slips which are typical in WMR. In parallel with the adaptive SMC, 

the combination of SMC with intelligent techniques including neural network and fuzzy logic are also widely 

applied for WMR. The work in [25] employs the fuzzy controller for dynamic control loop of WMR system 

to face with the dynamic disturbances and uncertainties. By combining with the adaptive law, this fuzzy 

adaptive SMC guarantees the robust property for the dynamic closed loop system. However, the stability of 

the cascade system including kinematic control loop and dynamic control loop is not proven mathematically. 

In [26], the fuzzy logic technique is applied to both kinematic and dynamic control loops. For the kinematic 

control loop, the fuzzy logic controller based on a lookup table is introduced to force the sliding surface 

toward zero. This control scheme guaranties good performances for WMR system under the effect of 

disturbances and uncertainties, but the stability is also proven for each loop separately.  

In this paper, an adaptive SMC (ASMC) is proposed for the tracking control of the nonholonomic 

wheel mobile robot. The disturbances, the wheel slips, and the uncertainties are compensated by an adaptive 

law, so the system achieve the robust ability. The advantages of the proposed control scheme can be listed as 

the following: i) the introduced control scheme consists of only one control loop instead of two as in  

[16]–[24] then the complexity in mathematical proof as well as implementation is greatly reduced; ii) the 

proposed ASMC compensate for the unknown components acting on the whole system (the simulation is 

setup with the presence of the wheel slips, the external disturbances, and the parameter uncertainties) instead 

of considering only kinematic disturbances as in [17]–[19] or dynamic disturbances as in [20], [21]; and  

iii) the upper bound of the disturbance is not required as in almost conventional SMCs. 

 

 

2. ADAPTIVE SLIDING MODE CONTROLLER DESIGN FOR WMRs 

2.1.  Modelling of WMR 

The considered WMR system in this work is a three-wheel nonholonomic mobile robot. Figure 1 is 

the block diagram of the system. In considering to the wheel slips and input disturbance, the kinematic and 

dynamic of the WMR in the coordinate of Figure 1 is expressed as (1) and (2) [29], [30]: 

 

[
�̇�𝑅
�̇�𝑅
�̇�

] = [
𝑐𝑜𝑠 𝜃 −𝑠𝑖𝑛 𝜃 0
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 0
0 0 1

] [
𝜎
�̇�
𝜔
] (1) 

 

�̇� = −𝑀−1(𝐵𝑣 + 𝑄�̈� + 𝐶�̇� + 𝐺�̈� + 𝜏𝑑) +𝑀−1𝜏 (2) 

 

where  is the lateral slip factor along the wheel shaft,  and  are the forward velocity and the angular 

velocity of the WMR at point R, respectively, 𝑣 = [�̇�𝑅 �̇�𝐿]
𝑇, d is the input disturbance,  =[γL γR]T.  and  

are calculated as: 

 

𝜎 =  
𝑟(�̇�𝑅 + �̇�𝐿)

2
+
�̇�𝑅 + �̇�𝐿

2
,  𝜌 =  

𝑟(�̇�𝑅 − �̇�𝐿)

2𝑏
+
�̇�𝑅 − �̇�𝐿
2𝑏

 

 

in which γL and γR are longitudinal slip factors of the right and left driving wheels, respectively, �̇�𝐿 and �̇�𝑅 

are the angular velocities of the right and the left wheel, respectively. 

 

𝐶 = 𝑚𝐺
𝑟

2
𝜔 [

1
1
], 𝐺 = 𝑚𝐺

𝑎𝑟

2𝑏
[
1
−1

], 𝑀 = [
𝑚11 𝑚12

𝑚21 𝑚22
], 𝑚22 = 𝑚11, 𝑚21 = 𝑚12 
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𝑚11 = 𝑚𝐺 (
𝑟2

4
+

𝑎𝑟2

4𝑏2
) +

𝑟2

4𝑏2
(𝐼𝐺 + 2𝐼𝐷) + 2𝑚𝑤𝑟

2 + 𝐼𝑤, 𝑚12 = 𝑚𝐺 (
𝑟2

4
−

𝑎2𝑟2

4𝑏2
) −

𝑟2

4𝑏2
(𝐼𝐺 + 2𝐼𝐷) 

 

𝐵 = 𝑚𝐺
𝑟2

2𝑏
𝜔 [

0 1
−1 0

], 𝑄 = [
𝑄1 𝑄2

𝑄2 𝑄1
],

 

𝑄1,2 = 𝑚𝐺
𝑟

4
(1 ±

𝑎2

𝑏2
) ±

𝑟

4𝑏
(𝐼𝐺 + 2𝐼𝐷) 

 

The position error between the points R(xR, yR) and D(xD, yD) in the RX’Y’ coordinate is as (3). 

 

𝑒𝑝 = [
𝑒𝑝1
𝑒𝑝2

] = [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
−𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

] [
𝑥𝐷 − 𝑥𝑅
𝑦𝐷 − 𝑦𝑅

] = [
𝑐𝑜𝑠 𝜃 (𝑥𝐷 − 𝑥𝑅) + 𝑠𝑖𝑛 𝜃 (𝑦𝐷 − 𝑦𝑅)
− 𝑠𝑖𝑛 𝜃 (𝑥𝐷 − 𝑥𝑅) + 𝑐𝑜𝑠 𝜃 (𝑦𝐷 − 𝑦𝑅)

] (3) 

 

 

 
 

Figure 1. Block diagram of the studied WMR 

 

 

Next, the error dynamic of the position error will be determined for the control design purpose. 

Derivative both sides of (3) with considering the wheels slip, external disturbances. The following results are 

obtained [29]: 

 

�̇�𝑝 = [
(
𝑒𝑝2
𝑏

− 1)
𝑟

2
− (

𝑒𝑝2
𝑏

+ 1)
𝑟

2

−
𝑒𝑝1𝑟

2𝑏

𝑒𝑝1𝑟

2𝑏

] 𝑣 + [
(
�̇�𝑅 − �̇�𝐿
2𝑏

) 𝑒𝑝2 −
�̇�𝑅 + �̇�𝐿

2

−(
�̇�𝑅 − �̇�𝐿
2𝑏

) 𝑒𝑝1 − �̇�

] + [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

] [
�̇�𝐷
�̇�𝐷

] 

 = ℎ𝑣 + 𝑑1 (4) 

 

where 

 

ℎ = [
(
𝑒𝑝2

𝑏
− 1)

𝑟

2
−(

𝑒𝑝2

𝑏
+ 1)

𝑟

2

−
𝑒𝑝1𝑟

2𝑏

𝑒𝑝1𝑟

2𝑏

], 𝑑1 = [
(
�̇�𝑅−�̇�𝐿

2𝑏
) 𝑒𝑝2 −

�̇�𝑅+�̇�𝐿

2

−(
�̇�𝑅−�̇�𝐿

2𝑏
) 𝑒𝑝1 − �̇�

] + [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

] [
�̇�𝐷
�̇�𝐷

] 

 

2.2.  Adaptive sliding mode controller design 

Define variables 𝑥1 = 𝑒𝑝;  𝑥2 = �̇�1 + 𝑘𝑥1 where k is a positive scalar. The derivative of x2 along 

with time using (2) and (4) is obtained as (5): 

 

�̇�2 = �̈�1 + 𝑘�̇�1 

 = ℎ�̇� + ℎ̇𝜈 + �̇�1 + 𝑘(ℎ𝜈 + 𝑑1) 

 = −ℎ𝑀−1𝐵𝜈 + ℎ𝑀−1𝜏 + ℎ𝑑2 + ℎ̇𝜈 + �̇�1 + 𝑘ℎ𝜈 + 𝑘𝑑1 
 = 𝑃1𝜈 + 𝐹𝜏 + 𝑑3 (5) 

 

where 𝑃1 = −ℎ𝑀−1𝐵,𝐹 = ℎ𝑀−1, 𝑑3 = ℎ𝑑2 + ℎ̇𝜈 + �̇�1 + 𝑘ℎ𝜈 + 𝑘𝑑1. Replace  from (4) into (5) leading  

to (6): 
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�̇�2 = 𝑃𝑥2 − 𝑘𝑃𝑥1 + 𝐹𝜏 + 𝑑 (6) 

 

in which 𝑃 = ℎ
−1𝑃1 = 𝑀−1𝐵,  𝑑 = 𝑑3 − 𝑃1ℎ

−1𝑑1. 

The error dynamics are written in the state space form as (7). 

 

{
�̇�1 = 𝑥2 − 𝑘𝑥1
�̇�2 = 𝑃𝑥2 − 𝑘𝑃𝑥1 + 𝐹𝜏 + 𝑑

 (7) 

 

Define the sliding surface. 

 

𝑠 = �̇�1 + (𝑛 + 𝑘)𝑥1 (8) 

 

where n is a scalar which satisfies (n+k)>0.  

Choose the Lyapunov function. 

 

𝑉1 =
1

2
𝑥1
𝑇𝑥1 +

1

2
𝑠𝑇𝑠 (9) 

 

The time derivative of V1 using (7) and (8) is obtained as (10). 

 

�̇�1 = 𝑥1
𝑇�̇�1 + 𝑠𝑇 �̇� = 𝑥1

𝑇(𝑥2 − 𝑘𝑥1) + 𝑠𝑇(𝑛�̇�1 + �̇�2) 
 = 𝑥1

𝑇𝑥2 − 𝑘𝑥1
𝑇𝑥1 + 𝑠𝑇[𝑛(𝑥2 − 𝑘𝑥1) + �̇�2] 

 = 𝑥1
𝑇𝑥2 − 𝑘𝑥1

𝑇𝑥1 + 𝑠𝑇[𝑛(𝑥2 − 𝑘𝑥1) + 𝑃𝑥2 − 𝑘𝑃𝑥1 + 𝐹𝜏 + 𝑑] 
 = 𝑥1

𝑇𝑥2 − 𝑘𝑥1
𝑇𝑥1 + 𝑠𝑇[(𝑛𝐼 + 𝑃)𝑥2 − 𝑘(𝑛𝐼 + 𝑃)𝑥1 + 𝐹𝜏 + 𝑑] (10) 

 

where I is the identify matrix. In (10), the unknown component d still exists so it can not conclude that time 

derivative of Lyapunov function is negative.  

In the next part, the uncertain disturbance d is estimated by an adaptive component �̂� with the 

estimated error �̃� = 𝑑 − �̂�. Choose the second Lyapunov function. 

 

𝑉2 = 𝑉1 +
1

2𝛼
�̃�𝑇�̃� (11) 

 

Assume that the disturbance d is slow change along with time. The time derivative of V2 is as (12). 

 

�̇�2 = �̇�1 −
1

𝛼
�̃�𝑇 �̇̂� 

 = 𝑥1
𝑇𝑥2 − 𝑘𝑥1

𝑇𝑥1 + 𝑠𝑇[(𝑛𝐼 + 𝑃)𝑥2 − 𝑘(𝑛𝐼 + 𝑃)𝑥1 + 𝐹𝜏 + �̃� + �̂�] −
1

𝛼
�̃�𝑇 �̇̂� 

 = 𝑥1
𝑇𝑥2 − 𝑘𝑥1

𝑇𝑥1 + 𝑠𝑇[(𝑛𝐼 + 𝑃)𝑥2 − 𝑘(𝑛𝐼 + 𝑃)𝑥1 + 𝐹𝜏 + �̂�] −
1

𝛼
�̃�𝑇(�̇̂� − 𝛼𝑠) (12) 

 

Choose the controller and adaptive law as (13): 

 

𝜏 = −𝐹−1[(𝑛𝐼 − 𝑃)(𝑥2 − 𝑘𝑥1) + �̂� + 𝜀 𝑠𝑔𝑛( 𝑠)] (13) 

 

�̇̂� = 𝛼𝑠 (14) 

 

where  is a positive scalar. 

Substitute (13) and (14) into (12) leading to result as (15). 

 

�̇�2 = 𝑥1
𝑇𝑥2 − 𝑘𝑥1

𝑇𝑥1 − 𝜀|𝑠| (15) 

 

Define the auxiliary variables: 

 

𝑋 = [
𝑥1
𝑥2
𝑇] ;   𝑍 = [

𝑘

2

𝑘

2
−1 0

] 

 

then: 
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𝑋𝑇𝑍𝑋 = −𝑥1𝑥2 + 𝑘𝑥1
𝑇𝑥1 (16) 

 

Sompare (15) and (16), it is easy to see that: 

 

�̇�2 = −𝑋𝑇𝑍𝑋 − 𝜀|𝑠| (17) 

 

Since k>0 then Z is positive definite or �̇�2 < 0. This means that by using controller (13) and adaptive law 

(14) the system (7) is stable as the time goes to infinite. 

 

 

3. SIMULATION RESULTS 

In this section, the effectiveness of the proposed adaptive SMC is validated on the WMR system 

with parameters as the following: weight of the platform (mG): 10 kg; weight of each wheel (mW): 2 kg; 

inertial moment of the platform (IG): 4 kgm2; inertial moment of each wheel (rotation axis-IW): 0.1 kgm2; 

inertial moment of each wheel (diameter axis-ID): 0.05 kgm2; distance between the R and PG (a): 0.2 m; 

radius of the wheel shaft (b): 0.3 m; radius of the wheel (r): 0.15 m. 

The simulation is executed under conditions that the system parameters are uncertain (increasing 

20% from nominal value), the wheel slips [�̇�𝑅 �̇�𝐿 �̇�]𝑇 = [1 + 𝑠𝑖𝑛 𝑡 1 + 𝑐𝑜𝑠 𝑡 𝑠𝑖𝑛 𝑡]𝑇 (m/sec), and the 

input disturbances 𝜏𝑑 = [1 + 𝑠𝑖𝑛( 0.2𝑡) 1 + 𝑐𝑜𝑠( 0.2𝑡)] (N.m). The control parameters are designed as: 

k=8.3, n=1.7, =10, =10. 

The simulation is done with two types of reference trajectory: curved trajectory and trifolium 

trajectory. In each scenario, the responses of the proposed adaptive SMC (ASMC) are compared with the 

observer-based SMC (OSMC) in [23] to demonstrate the advantages of the given control scheme. 

Scenario 1: the reference trajectory is expressed by (18). 

 

𝑥𝐷 = −𝑡;  𝑦𝐷 = 𝑠𝑖𝑛( 0.5𝑡) + 0.5𝑡 + 1 (18) 

 

The initial position of the robot in this case is [𝑥𝑅𝑦𝑅𝜃] = [0.50 − 𝜋/4]. The simulation results of 

the ASMC and OSMC with the presence of the wheel slips and input disturbances are illustrated in Figures 2, 

3(a), and 3(b).  

In Figure 2, two WMRs have the same initial position which is not in the reference trajectory. The 

robot with the proposed ASMC rapidly archives the desired trajectory without oscillation; meanwhile, the 

robot controlled by OSMC also tends to reference path but swings around the desired curve before tracking. 

As the results, in Figure 3, the tracking errors in x-axis and y-axis of two system are almost zero at steady 

state; however, at transient time, the ASMC provides better responses with faster reaching time and smaller 

tracking error. 

 

 

 
 

Figure 2. Trajectory tracking of the proposed ASMC and the OSMC with the curved trajectory 
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(a) 

 

 
(b) 

 

Figure 3. Tracking error of the proposed ASMC and the OSMC with the curved trajectory (a) x-axis error and 

(b) y-axis error 

 

 

Scenario 2: the reference trajectory is trifolium which is formulated as (19): 

 

𝑥𝐷 = 5 𝑐𝑜𝑠 (
𝜋

10
𝑡) 𝑐𝑜𝑠 (

𝜋

30
𝑡) ;  𝑦𝐷 = 5 𝑠𝑖𝑛 (

𝜋

10
𝑡) 𝑠𝑖𝑛 (

𝜋

30
𝑡) (19) 

 

The initial position of the robot for this case is [𝑥𝑅𝑦𝑅𝜃] = [5 − 1𝜋/2].The simulation results of 

tracking a trifolium trajectory by means of the proposed ASMC and the OSMC are depicted in Figures 4-5. 

In Figure 3, both controllers have good responses at steady state, the real trajectories track the desired 

trajectory. However, the WMR which is controlled by the proposed ASMC reaches the target smoothly while 

the OSMC makes the system oscillate at initial time before tracking the reference path. These results are 

reflected clearly in Figure 3 with tracking errors in x-axis and y-axis. In Figures 5(a) and 5(b) the waveform 

of ex and ey of the ASMC is smoother than the OSMC’s waveform at the first 4s. The numerical comparisons 

of the proposed ASMC and OSMC are concluded in Table 1. As shown in Table 1, the responses of the 

proposed ASMC are better than the OSMC in both scenarios. 
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Figure 4. Trajectory tracking of the proposed ASMC and the OSMC with the trifolium trajectory 

 

 

 
(a) 

 

 
 

Figure 5. Tracking error of the Proposed and ASMC and the OSMC with the trifolium trajectory (a) x-axis 

error and (b) y-axis error 
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Table 1. Numerical comparisons 
  Proposed ASMC OSMC 

Scenario 1 Settling time x-axis (s) 2 5 

Settling time y-axis (s) 1 4 

Peak error x-axis (m) 0.21 0.45 

Peak error y-axis (m) 0.2 0.55 

ISE x-axis 0.061 0.111 

ISE y-axis 0.123 0.213 

Scenario 2 Settling time x-axis none none 

Settling time y-axis none none 

Peak error x-axis 0.12 0.27 

Peak error y-axis 1.2 1.3 

ISE x-axis 0.042 0.071 

ISE y-axis 0.136 0.275 

 

 

4. CONCLUSION  

An adaptive sliding mode controller is introduced in this paper for tracking control of the 

nonholonomic WMR with considering wheel slips and disturbances. The error state space model of the 

system is built from kinematic and dynamic models firstly. Next, the sliding mode control is designed to 

guarantee the stability of the system. The wheel slips and unknown components in the system are 

compensated by a simple adaptive law. The proposed control scheme consists of only one control loop 

instead of two loops as usual, so it is very simple in both calculation and implementation. Moreover, the 

proposed adaptive SMC does not require the upper bound of the unknown components, so it is convenient for 

real life applications. Finally, the simulations are executed with two types of the trajectory under conditions 

of existing wheel slips and input disturbances. The comparisons are also employed with the observer based 

sliding mode control to demonstrate the advantage of the proposed adaptive sliding mode control. The 

simulation results show that the presented ASMC has the better transient response in comparing with the 

OSMC.  
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