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Let G = (V(G), E(G)) be a graph, define an edge labeling function ¢ from E(G) to
{0,1,...,k — 1} where k is an integer, 2 < k < |FE(G)|, induces a vertex labeling
function ¢* from V(G) to {0, 1, ...,k — 1} such that 2)*(v) = (e1) X 9(ez) X
... X ¥(en) mod k where e1, ea, ..., e, are all edge incident to v. This function v is
called a k-total edge product cordial (or simply k-TEPC) labeling of G if the absolute

difference between number of vertices and edges labeling with i and number of vertices
and edges labeling with j no more than 1 for all ¢, j € {0, 1, ...,k — 1}. In this paper,
4-total edge product cordial labeling for some star related graphs are determined.
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1. INTRODUCTION

Let us beging with a graph G = (V(G), E(G)) that is simple, connected, finite and undirected with
order p and size ¢g. With regards to the standard terminology and notation, we refer to books [1]-[4]]. We also
provide a brief summary of definitions that are invaluable for the present study.

A graph labeling is an assignment of integers to edges or vertices or both subject to certain conditions.
If the domain of the mapping is the set of edges (or vertices) then the labeling is called an edge labeling (or a
vertex labeling). For a labeling function v, an edge e (or a vertex v) is an i-edge (or an i-vertex) if ¢(e) = i
(or ¢(v) = i) where i € Z. Denote the number of i-edges (or i-vertices) of G under 1) by ey (i) (or vy (7)),
respectively and let 1(7) = ey (i) + vy (4).

Labeling graph has applications in coding theory, especially for the design of good radar type codes,
missile guidance codes, and convolution codes with optimal autocorrelation properties. Labeling graph plays
important role in the study of communication network and X-ray crystallography. A detailed study of some
applications of labeling graphs are given in [S]]-[9].

A lot of researchers have written on cordial labeling. Cahit [[10] introduced cordial labeling and there
are many papers studied cordial graph of some graphs such as [11], [12]. Sundaram et al. [13] defined product
cordial labeling and in [14]-[16]] some researchers illustrate product cordial labeling of some graphs. Vadiya
and Barasara [[17], 18] proposed two definetions edge product cordial labeling and total edge product cordial
labeling.

Azaizeh et al. [19] introduced k-total edge product cordial labeling which is:

Definition 1. let ¢ be an edge labeling function from E(G) to {0,1, ...,k — 1} where k is an integer, 2 < k <
|E(G)|. For each vertex v, assign the label ¢(e1) X ¢(ez2) X ... x 9(e,) (mod k) where ey, ea, ..., e, are the
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edges incident to vertex v. The function ¢/ is called a k-total edge product cordial (or simply k-TEPC) labeling
of G if [(vy (i) + ey (7)) — (vy () + ep(f))| < 1, fori,j € {0,1,...,k — 1}. A graph G with a k-total edge
product cordial labeling is called k-total edge product cordial graph.

Some researchers studied graphs in k-total edge product cordial labeling [[19]-[23]. Vadiya et al. [24]
studied cordial labeling for some star related graphs and Hasni and Azaizeh [25]] determined 3-total edge prod-
ucts cordial labeling for some star related graphs. As a continuation of these results and the results in [19]], [21],
the main aim of this paper is to determine the 4-total edge product cordial labeling for some star related graphs.

2. MAIN RESULT

Let K ,, denote the star with order n -+ 1. We first give brief summary of definitions which are useful
for our investigations.
Definition 2. [24] consider two stars K flz and K 5727),/, then G =< K flg, K ﬁ)l > is the graph obtained by joining
apex vertices of stars to a new vertex x. Note that G has 21 + 3 vertices and 2n + 2 edges.

O ES KR ThenG =< K1) K, K" >

Definition 3. [24] consider k copies of stars namely K ,, K7, . 1 Ko Ky
is the graph obtained by joining apex vertices of each K fp n Y and K §” ) to a new vertex 2p—1 where 2 < p < k.

Note that G has k(n + 2) — 1 vertices and k(n + 2) — 2 edges.
Theorem 1 Graph < Kﬁ)” Kfr)w . >K1(f2 > is 4-TEPC for all m > 3,k > 1, except when n = 1 or 2 (mod
4),k=1lorn=3k=1.
Proof. Let V(< K{') k(). K" >) = {u®, 0 1 <j<k1<i<n}U{z,1<m<k-1}and
B(< K{) KP KR S) = (w01 < j < k1< <n}U{uWay,ultDe; 1< <k -1} We
consider the following cases.

Case 1: £ = 0 (mod 4).

Case 1.1: n = 0 (mod 4).

Define 1 be an edge labeling function from F(G) to {0, 1,2, 3}:

Py =1
PPy =0,2<i<

4
PPy =02<j<k1<i<

n

4
Y@y =11< i<k T <i< ]
YD) =21 < ; gk,n;Q <i< %n
¢(u(J)U£j)) =31< k, 3”: A n
WUz, 5)=2,1<j< %
¢(u(4ﬂ 2)$4j 3)=3,1<j< g
¢(u(4ﬂ 2)$4j 2)=3,1<5< g
Y(uWay) =2
Puyy) =1,1<5 < %
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Case 1.2: n = 1 (mod 4).
Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

n—1

o) =0,1<j<k1<i<

4
n+3<i§

YD) =2,1 <5<k,

4
1ﬁ(u(m‘fl)vl@j—l)) —1,1<j<

w(u(ijl),U’EQj_l)) — 371 S

P(uPo) =3

PPy =11 < j <
PPy _5)=2,1<j <
¢(u(4j72)$4j_3) =3,1<j<
P gy o) =2,1<j5 <
Py ) =1,1<j5 <

¢(u(4j71):l:4j_1) =21<5<

N I N e N O S el S

¢(u(4)m3) =2

Case 1.3: n =2 (mod 4).
Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

N _9
w(u(%gﬂ)):o,lgjgk,lgig”4
(2i-1) 21Dy _ | 1 < .<§ n+2<,<ﬁ
w(u Uz ) 9 _]_27 4 _2_2
¢(u(2j—1)v(2j*1)>:3’1sj Sﬁ7n+2 <i< 3n + 2
’ 2" 2 4
w(u(2j_1)vg2j—1)>:2’1§jg573712—6 o
(45-2),, 452y _ | 1 < .<§ n+2<,<ﬂ
w(u Uz ) 9 _]_47 4 _2_2
DD, WD) Zg < j B Rt dnt?2
‘ 4 2 4
)y _g ik nt2 o m
w(u Ui ) ’ _]_47 4 _Z_2
YoMy =3,1<j < g, H;Z <i< 3”:2
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MMM%M»:ngjggfm:6gi§n
w(u(4j—2)x4j73) =2,1<5< g
w(u(4j—2)x4j72) =0,1<5< g
w(u(‘lj_l)mj—ﬂ =3,1<j5< g

Y(uVag) =2

YuMzy_q)=1,2<5< g

¥ (ul J)x4j) =2,1<35< %
7vzj(u(4g+1)gﬂ4j) =21<j5< %

Case 1.4: n = 3 (mod 4).
Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

PPy =0,1<j<k1<i< 7:3
PPy =1,1 gjgk,nTH <i< ngl

w(u(2)m1) =3

=
QA
=
=
no
=
~
|
=
[\
IN
<
IN

We now have (0) = ¢(1) = ¥(3) = £(n+2) — 1,¢(2) = &(n + 2). Therefore,
0 <4 < j < 3. Hence 9 is 4-TEPC labeling.

Y(i) — P(4)| < 1 for

Case 2: k = 1 (mod 4).
Case 2.1: n = 0 (mod 4).
Define 1) be an edge labeling function from F(G) to {0, 1,2, 3}:

YD) =0,1<j<k1<i<

~1 3
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zb(u(”v‘”)*l,lsJSk,"fl <i<g
Yoy =2 1§]§k‘,n;2 Sié%n
3n+4

We now have (0) = &(n +2),9(1) = ¥(2) = ¥(3) = &(n +2) — 1. Therefore, |1(i) — ¥(j)| < 1 for
0 <@ < j < 3. Hence v is 4-TEPC labeling.

Case2.2: n =1 (mod 4), k # 1.

Define v be an edge labeling function from F(G) to {0,1,2,3}:

w(u(ijl)v,@j_l)) =2,1<j< ——, <i<n
¢ 2 4
k

PPy =21<j< 2=

PPy =3,1<j < % 3”I1 <i<

) k
PuM gy 3) =0,1< 5 <

. k
PuM Dy 3)=3,1<5 <

7J’(tﬁ(4j‘71)11041;'71) =3,1<j<——

P(uWas) =3

We now have ¢(0) = (1) = ¢(3) = %, ¥(2) = % Therefore, |¢(i) — ¥ (j)| < 1 for
0 <1 < j < 3. Hence v is 4-TEPC labeling.

Case 2.3: n =2 (mod 4), k # 1.

Define ¢ be an edge labeling function from E(G) to {0, 1, 2, 3}:

e —2
¢(u(1)v§”) =0,1<j<k1<i< n4
Y@ D) =11 <5 < 716;17 ”;2 <i< 3”:2
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1/J(u(2j_1)v§2j_1)) 3,1<j< % 3”: 6 <i<nm
By =3 1<j< Bl nE2 g S0t
i 2 2 4
w(u(2j)v§2j)) =1,1<j< k§1’3n2—6 <i<n
. E—1
PP Vg ) =0,1<j < —
-1
ww@h%)—&lgjggif
w(u(z)xl) =3
YuWz; 1) =1,3<j<k
We now have /(0) = ¢(1) = ¥(3) = £(n+2) — 1,9(2) = £(n +2).

0 <1 < j < 3. Hence v is 4-TEPC labeling.
Case 2.4: n = 3 (mod 4).

Define 1 be an edge labeling function from F(G) to {0, 1,2, 3}:

MMW$U=Q1§j§h1Si§”;3
@) =11 <<k T << M
(Do) = A
zb(u(J)vZ(j)) =3,1<j<k, 3n:3 <i<n
Pury) =015 < S
¢w@H%@)fQ1§]§E%l
Y gy 5)=2,1<j5< %
YD ﬂf&1<jgﬁil
w<mujgf11gj<5%1
We now have %(0) = S0 y(1) = p(2) = (3) = HREL

0<i<j<3. Hencewis 4 TEPC labeling.

Case 3: £ = 2 (mod 4).
Case 3.1: n = 0 (mod 4).

Define 1) be an edge labeling function from E(G) to {0, 1,2, 3}:

puMofV) =2

md%&h:L2§igg
2

o) =3," 2= <0

vPef) =1
VDo) =

Therefore, |¢(i)

(1) —

¥(5)| < 1 for

— ()| < 1 for
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1/1(U(2)U§2)) =0,3<i< n;_2
4
w(u(2)vg2)):27n;— <i<n
Py =03 <j<k1<i<
WDy =1,3<j <k ntd <4<
Y J=0 Ty
uDpy =23<j<k n+2§i§
Y J= T
, 3 4
¢(u(3)v(j)) =3,3<j <k, n:
P(uPa;) =115 < k-1
Y(uPz) =0
k
¢(u( ])1'2]—1) =22<j< 2
-2
Y ay) =3,1<j < kT

We now have /(0) = 9(1) = ¥(2) = §(n+2) — 1,4(3)

0 <4 < j < 3. Hence v is 4-TEPC labeling.
Case 3.2: n = 1 (mod 4).

Define 1) be an edge labeling function from E(G) to {0, 1,2, 3}:

E(n +2). Therefore, [¢(i) — 1(j)| < 1 for

; -1
YD)y =0,1<j<k1<i n4
, 3 -1
Py =1 1<j<k,n1_ <i< "2
P D@y Zg < j Bt oy 303
‘ 2" 2 4
w(u(2j—1)7j§2]‘—1)) —31<j< gﬁ 3n2— 1 <i<n
@)@y g1 <j< B ntl _, 3n=3
PP =3,1<j< 55— < 1
w(u(m)vl@j)) =21<j< g, 3": ! <i<n
Pluz)=1,1<j<k-1
k+2
PP Day ) =1,1<j < %
k—2

¢(u(4j 1)x4 2)=0,1<j< —

k—2
1,[}(’[1,( j)l‘4]_1) = 271 < Wi S T

k—2
1,[1(U(4j+1)1'4j) =3,1<j< —

We now have 1(0) = ¢(2) = ¢(3) = 5(n+2) — 1,¢(1) = 5(n + 2). Therefore, |1(i) — ¥(j)| < 1 for

0 <1i < j < 3. Hence v is 4-TEPC labeling.
Case 3.3: n = 2 (mod 4).

Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

puVoft) =2
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w(u(l)vgl)) =12<i< g
2
1/1(U(1)v§1)) =3, n—2&- <i<n
2
7,/}(u(2)11§ )) =1
P(uPvy?) =3
2
w(u@)vl@)) =0,3<3< n—2|—
4
¢(u(2)v(2)) =2, n; <i1<n
-2
b)) =0,3<j<k1<i< n4
qp(u(j)vfj)) =1,3<j gk,nIQ <i< n;2
¢(u(2j+1)1)(2j+1)) =21<j< g7 n <i< 3n—2
i 2 2 4
77[}(u(2j+1)vz@j+1)) =3,1<j< %7 371;2 <i<n
PO —g g < j< PO N N2
i 2 2 4
77[}(u(2j+2)Uz@j-i-?)) =21<j< %7 3TL4+2 <i<n

YuPr) =1,1<j<k-1

w(u(2j)$2j71) =0,1<j5< B
i k—2
w(u(21+1)xzj) =1,1<5< 5

We now have 1(0) = ¢(1) = ¥(2) = £(n+2) — 1,4(3) = &(n + 2). Therefore,

0 <14 < j < 3. Hence 9 is 4-TEPC labeling.
Case 3.4: n = 3 (mod 4).
Define 1) be an edge labeling function from E(G) to {0, 1,2, 3}:

PPy =0,1<j<k1<i< n;?’
Mu(g)v(j))fl 1<]<k’nzl <i< n;l
77Z,(U(J)vl(ﬂ)) =21<j<k, n—zkl i 3n4—1
PPy =31<j <k, 3”:3 <i<n
Y@ Vg 1) =0,1<5< g

Py 1) =0,1<j < g

Py ) =21 5 < E22
w(u(4j)x4j) =3,1<j< k ; 2

w(u(2j+1)x2j) =1,1<5< %

P(i) = ¥(5)] < 1 for
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We now have /(0) = &(n +2),9(1) = ¢(2) = ¥(3) = &(n+ 2) — 1. Therefore, |1(i) — ¥(j)| < 1 for
0 <4 < j < 3. Hence v is 4-TEPC labeling.

Case 4: k = 3 (mod 4).
Case 4.1: n = 0 (mod 4).
Define 1) be an edge labeling function from E(G) to {0, 1,2, 3}:

Puo?) =0,1<j <k 1<i< T
YD) = 1,1 < j gk,”f <i<z
MMWNU_ngjgm“;Qgigﬁf
w(u(”vgj)) =3,1<j<k, 3”: 4 n
WM%1%21)—21<J§§%E
w(u(2j)x2j) =3,1<j< %

We now have (0) = &(n +2),9(1) = ¢(2) = ¥(3) = &(n+2) — 1. Therefore, |1(i) — ¥(j)| < 1 for
0 <@ < j < 3. Hence v is 4-TEPC labeling.

Case 4.2: n = 1 (mod 4).

Define 1) be an edge labeling function from E(G) to {0, 1,2, 3}:

n—1
4

n+3§ign71

Do) =0,1<j<k1<i<

Doy =1,1 < j <k,

4 2
¢(u(2j71)v£2j—1)):271§j§]erl n+1 <i 3n+1

1 <
2 7 2 - = 4
YDy =31 < j < % 3"4+5 <i<n

Yy =3,1<j < % ”;1 <i< 3”31

PPy =21<j <=~

Puz)=1,1<j<k-1

) kE+1
¢(u(4]—2)x4j73) =1,1<j< i

We now have ¢(0) = %, Y1) = ¥(2) = P(3) = % Therefore,
0 <14 < j < 3. Hence 9 is 4-TEPC labeling.

Case 4.3: n = 2 (mod 4).

Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

Y(i) — (4)] < 1 for

4-total edge product cordial for some star related graphs (Almothana Azaizeh)
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. -2
7ﬁ(u(a)v(a))fo 1<j<k1<i< n4
Yoy =1,1<j <k,”12 <i< n;Q
w(u(l)v(l))zl
Lb(u(l)v(l)) :2’n+2 <i< 3n —2

i 2 4
w(u(j)v,gj)) =22<j5< k,g <i< 3n4—2

. 2
YDy =31 <j <k, 3": <isn

k-1

Y(uPzy) =2
w(u(j)xj_l) =1,3<j<k.

We now have (0) = ¢(1) = ¢(2) = £(n+2) — 1,¢(3) = &(n + 2). Therefore,
0 <17 < j < 3. Hence ¢ is 4-TEPC labeling.

Case 4.4: n = 3 (mod 4).

Define 1 be an edge labeling function from E(G) to {0, 1,2, 3}:

Y(i) — P(4)| < 1 for

w(u(j)v(j))—O,1<]<k,1<z_n;3
z/;(u(J)vZ(]))—l 1<]<k,nz1 Sign;I
L/}(u(J)v(j))*Z 1<y Sk,ngl <i< 3n;1
LZJ(u(J)vZ(j)) =3,1<j <k, 3n2—3 < n
PuB gy 3)=0,1<75< %
¢(u(2j)x2j) =0,1<j< E
¢(U(4J 1)x4j 1)=31<j< %
P(ul j)ij—l)*1,1<j§E

k—1

We now have ¢(0) = ¢(1) = ¢(2) = %, P(3) = % Therefore, |¢(i) — ¥ (j)| < 1 for
0 <4 < j < 3. Hence % is 4-TEPC labeling. This completes the proof:

Graphs in Figures 1 to 4 show examples for case 1 , case 2, case 3, and case 4 respectively.

Theorem 2 The graph K ,, is not 4-TEPC for n = 1 (mod 4) or n = 2 (mod 4).

Proof. Let V(K1,) = {uw,v;,1 < i < n}and E(K;,) = {uv;,1 <i < n}. Assume n = 1 (mod 4),
n = 4t + 1. If K; 4441 is 4-TEPC, then we must have (i) = 2¢ + 1 for three numbers from {0, 1, 2, 3}and
fourth one (i) = 2t. But this is impossible since each possible 4-TEPC labeling, ¢ (uv;) = v (v;) and
(u) = 0. Therefore just ¢(0) has odd number and (1), (2) and ¢ (3) must be even number, this is a
contradiction. The proof for n = 2 (mod 4) is similar as above. Hence, this completes the proof.

Int J Elec & Comp Eng, Vol. 12, No. 4, August 2022: 4007—4020
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1
'_
1
[+]
._
]
3 3
3e 38

Figure 1. The graph < K1), K{*), K{*), Ki{*) > and its 4-TEPC labeling

0
._
]
0
._
]
3 3
3® ET

Figure 2. The graph < K\, K\*), K*), K"}, K{°] > and its 4-TEPC labeling
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3.

Figure 3. The graph < K £15), K f? > and its 4-TEPC labeling

Figure 4. The graph < K Sg, K £2g K {36? > and its 4-TEPC labeling

CONCLUSION
We completely determined the 4-total edge product cordial labeling for some star related graphs. The

labeling pattern is elucidated using illustrations. Investigate 4-total edge product cordial labeling graph of
other standard graphs such complete graph, wheel related graphs (friendship, helm, closed helm, fan, double
fan, web, flower, and others), and study the 5-, 6- and in general, k-total edge product cordial labeling of some
star related graphs are an open area of research.
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