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 In this paper, the field analysis of the sleeve rotor induction motor (IM) is 

carried out taking the rotor ends into consideration. Here, the field system 

equations are derived using the cylindrical model with applying Maxwell's 

field equations. It is expected that, both starting and maximum torques will 

increase with taking the rotor ends than that without rotor ends. A simple 

model is used to establish the geometry of the rotor ends current density and 

to investigate the air gap flux density. The magnetic flux is assumed to 

remain radially constant through the very small air gap length between the 

sleeve and stator surfaces. Variation of the field in the radial direction is 

ignored and the skin effect in the axial direction is considered. The axial 

distributions of the air gap flux density, the sleeve current density 

components and the force density have been determined. The motor 

performance is carried out taking into account the effects of the rotor ends 

on the starting and normal operations. The sleeve rotor resistance and 

leakage reactance have been obtained in terms of the cylindrical geometry of 

the machine. These equivalent circuit parameters have been calculated and 

plotted as functions of the motor speed with and without the rotor ends. 

Keywords: 

Cylindrical coordinates 

Equivalent circuit 

Field equation 

Induction machine 

Motor performance 

Rotor ends 

Sleeve rotor 

This is an open access article under the CC BY-SA license. 

 

Corresponding Author: 

Omar S. Daif 

Department of Power and Electrical Machines, Faculty Engineering, Al Azhar University 

4 Mohamad Riad St., from Ali Amin St., Nasr City, Cairo, Egypt 

Email: omareng2006@gmail.com 

 

 

1. INTRODUCTION 

The machine of a sleeve rotor has a smooth conducting cylinder mounted on an iron backing 

cylinder which reduces the magnetic circuit reluctance to complete the flux bathes [1], [2]. The inner cylinder 

is used here, as a job of an iron core to decrease the effective air gap length as result of omitted rotor slots 

[3], [4]. It is expected that, the contribution of the force density to the developed torque with rotor ends will 

be higher than that without ends. The homogenous sleeve rotor construction allows higher rotational speeds 

[5], [6] compared to the similar wounded rotor. It is obvious that the contribution of the force density to the 

developed torque with rotor ends is higher than that without rotor ends. 

The studies [7]–[9] have used the experimental results to predict the machine performance and 

determine the sleeve rotor equivalent circuit parameters after manufacturing the machine with some 

suggested data. Several studies [10]–[13] apply the analysis using Cartesian coordinates for special and very 

simple applications of the field equations to determine the circuit parameters. Some effects of secondary 

conducting sheet design on the motor performance are considered in [14], [15] but without taking the rotor 

end effect into account. 

https://creativecommons.org/licenses/by-sa/4.0/
mailto:omareng2006@gmail.com
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In this paper, the cylindrical coordinates are used instead of the Cartesian coordinates to represent 

the machine geometry. The field analysis of suggested sleeve rotor induction machine is carried out, using 

Maxwell's field equations. The current density through the conducting sleeve cylinder is allowed to have 

axial and tangential components. The air gap flux density is assumed to be only radial component along a 

very small mechanical air gap length. 

The magnetic field in the rotor end regions is determined by introducing longer and equivalent air 

gap length. The axial distribution of the air gap flux density as well as the sleeve rotor current density 

components are determined and plotted with and without sleeve rotor ends. The main motor characteristics 

are calculated and plotted as function of the slip with and without rotor ends.  

A suggested and new technique, is applied here for determining the sleeve rotor equivalent circuit 

parameters. The equivalent sleeve resistance and leakage reactance are plotted as functions of the rotor speed 

with and without taking the rotor ends into consideration. This special technique appears the sleeve rotor skin 

effect through the axial sleeve rotor direction.  

 

 

2. FIELD ANALYSIS USING CYLINDRICAL COORDINATES 

A model of Figure 1 is suggested and used for applying field analysis on the sleeve rotor machine 

with taking the rotor ends into consideration. In this model, the following assumptions are introduced:  

i) stator windings are replaced by an equivalent current sheet of infinitesimal thickness carrying the stator 

electric loading as; ii) stator and rotor iron parts have infinitely permeability and zero conductivity;  

iii) current density through the conducting sleeve cylinder is allowed to have axial and tangential 

components; and iv) air gap flux density is assumed to be only radial component along the geometrical small 

air gap length, so the field variation in the radial direction is ignored. 

An approximate estimation for the field outside the stator main region is introduced in the analysis 

by assuming a modified profile of the stator iron in the axial end regions. An inclined iron surface by an 

angle of 51º is given in [16], [17] where the end air-gap length is increased as shown in Figure 2, then the 

model consists of three regions in axial direction. The main region is that of −𝑧𝑠 ≤ 𝑧 ≤ 𝑧𝑠,  which has air 

gap length 𝑔𝑠 = 𝑔𝑜 + 𝑡𝑐  with stator electric loading As. The two end regions are −(𝑧𝑠 + 𝑑) ≤ 𝑧 ≤ −𝑧𝑠 

and 𝑧𝑠 ≤ 𝑧 ≤ (𝑧𝑠 + 𝑑),  with the estimated (longer) air gap length, 𝑔𝑒 = 𝑔𝑠 + 0.5 𝑑 tan 51𝑜, with no 

stator electric loading. 

 

 

  
 

Figure 1. Model of sleeve-rotor induction machine 

 

Figure 2. Modified model with longer air-gaps in axial 

end regions 

 

 

The air gap flux density has a radial component Br, while, the sleeve rotor current density 

components are axial and tangential components 𝐽𝑧 and 𝐽𝜑, respectively [18]–[20]. 

 

�⃗� = 𝐵𝑟 ∙ 𝑎 𝑟  (1) 

 

With applying the integral form of the Maxwell's first equation to a loop of Figure 1, with infinitesimal 

dimensions in the r-𝜑 plane, yields 

 

𝐵𝑟 = 𝑗
𝜇𝑜𝑅

𝑝𝑔𝑠
{𝐴𝑠 + 𝐽𝑧 ∙ 𝑡𝑐}    (2) 

 

where, R is the rotor radius, 𝜇𝑜 is the air gap permeability and p is the stator number of pole pairs. 

The second Maxwell's [21]–[23] is applied to the closed loop of Figure 2, in z-𝜑 plane and from the 

continuity condition, the relation between 𝜑 and z-components of the sleeve current density is (3). 
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𝐽𝜑 = −𝑗
𝑅

𝑝

𝑑𝐽𝑧

𝑑𝑧
    (3) 

 

The axial current density component of the rotor along the active stator length in main region is governed by 

the following second order differential (4): 

 
𝑑2𝐽𝑧𝑚

𝑑𝑧2 − 𝐾𝑚
2  𝐽𝑧𝑚 = −𝐶𝑚 (4) 

 

where, the complex quantities (5), (6), 

 

𝐾𝑚
2 =

𝑝2

𝑅2 − 𝑗
𝜔𝜎𝑐𝑠𝜇𝑜𝑡𝑐

𝑔𝑠
,   (5) 

 

𝐶𝑚 = 𝑗
𝜔𝜎𝑐𝑠𝜇𝑜

𝑔𝑠
𝐴𝑠 (6) 

 

with 𝜎𝑐is the sleeve conductivity, 𝜔 is the angular frequency, and s is the slip. 

For the rotor end regions with increased air gap length 𝑔𝑒 and there is no stator excitation current 

sheet (i.e. the stator electric loading is finished here), the differential (4), is reduced to (7): 
 
𝑑2𝐽𝑧𝑒

𝑑𝑧2 − 𝐾𝑒
2 𝐽𝑧𝑒 = 0.0 (7) 

 

where, the complex quantities of (6) and (7), are modified to be (8): 

 

𝐾𝑒
2 =

𝑝2

𝑅2 − 𝑗
𝜔𝜎𝑐𝑠𝜇𝑜𝑡𝑐

𝑔𝑒
 (8) 

 

and 𝐶𝑒 = 0.0 (9) 

 

 

3. SOLUTION OF THE FIELD EQUATIONS 

Solution of (4), for the main region of the model can be obtained and the axial current density 

component is (10), 

 

𝐽𝑧𝑚 = 𝑃𝑚𝑒𝑘𝑚𝑍 + 𝑄𝑚𝑒−𝑘𝑚𝑍 +
𝐶𝑚

𝐾𝑚
2  (10) 

 

with the tangential current density component is (11). 

 

𝐽𝜑𝑚 = −𝑗
𝑅𝑘𝑚

𝑝
(𝑃𝑚𝑒𝑘𝑚𝑍 − 𝑄𝑚𝑒−𝑘𝑚𝑍) (11) 

 

Hence the radial flux density is (12), 

 

𝐵𝑟𝑚 = 𝑗
𝜇𝑜𝑅

𝑝𝑔𝑠
{𝐴𝑠 + 𝐽𝑧𝑚 𝑡𝑐} (12) 

 

for the axial end regions, the solution may be governed by (13a), (13b), (14a), (14b), (15a), (15b): 

 

𝐽𝑧𝑒1 = 𝑃𝑒1𝑒
𝑘𝑒𝑍 + 𝑄𝑒1𝑒

−𝑘𝑒𝑍 (13a) 

 

𝐽𝑧𝑒2 = 𝑃𝑒2𝑒
𝑘𝑒𝑍 + 𝑄𝑒2𝑒

−𝑘𝑒𝑍 (13b) 

 

𝐽𝜑𝑒1 = −𝑗
𝑅𝑘𝑒1

𝑝
(𝑃𝑒1𝑒

𝑘𝑒1𝑍 − 𝑄𝑒1𝑒
−𝑘𝑒1𝑍) (14a) 

 

𝐽𝜑𝑒2 = −𝑗
𝑅𝑘𝑒2

𝑝
(𝑃𝑒2𝑒

𝑘𝑒2𝑍 − 𝑄𝑒2𝑒
−𝑘𝑒2𝑍) (14b) 

 

𝐵𝑟𝑒1 = 𝑗
𝜇𝑜𝑅

𝑝𝑔𝑒1
{𝐴𝑠 + 𝐽𝑧𝑒1 𝑡𝑐}   𝑎𝑛𝑑   (15a) 
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𝐵𝑟𝑒2 = 𝑗
𝜇𝑜𝑅

𝑝𝑔𝑒2
{𝐴𝑠 + 𝐽𝑧𝑒2 𝑡𝑐} (15b) 

 

The conditions which are sufficient to determine completely the six integration constants P and Q of the 

three regions are: the first condition is based on the fact that, the axial current density must vanish at the edges of 

the sleeve ends. 

 

𝑎𝑡 𝑧 = ±(𝑧𝑠 + 𝑑1),   𝐽𝑧𝑒1,2 = 0 (16) 

 

The second condition is the continuity of both current density components (𝐽𝑧 𝑎𝑛𝑑 𝐽𝜑) across each axial 

interregional boundary, 𝑎𝑡 𝑧 = ±𝑧𝑠. 

 

𝐽𝑧𝑚 = 𝐽𝑧𝑒 (17) 

 

𝐽𝜑𝑚 = 𝐽𝜑𝑒 (18) 

 

These six conditions are sufficient to determine completely the integration constants P and Q. The 

boundary conditions (17) and (18) are applied and plotted in Figures 3(a) and 3(b), (𝐽𝑜 = 𝐴𝑠 𝑡𝑐⁄ ). 

 

 

 
(a) 

 

 
(b) 

 

Figure 3. Continuity of current density through the axial interregional boundary of main rotor length 

with the rotor ends: (a) axial current density component and (b) tangential current density component 
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4. RESULTS OF CALCULATIONS 
Once the integration constants are determined, the air gap flux density and the sleeve rotor current 

density components for the three axial regions can be obtained. The normalized sleeve rotor current density 

components, Jz and J𝜑 for main region of the model where – 𝑧𝑠 ≤ 𝑧 ≤ 𝑧𝑠, are distributed with and without 

rotor ends in Figures 4 and 5. The axial component of the sleeve rotor current density attains its maximum 

value when the tangential component reduces to zero. The axial distributions of the air gap flux density with and 

without rotor ends is shown in Figure 6, with the distribution is normalized by 𝐵𝑜 =
𝜇𝑜𝑅

𝑃𝑔𝑠
𝐴𝑠. 

 

 

  
  

Figure 4. Axial rotor current density distribution 

through the main length for sleeve-rotor with and 

without rotor ends 

Figure 5. Tangential rotor current density distribution 

through the main length for sleeve-rotor with and 

without rotor ends 

 

 

 
 

Figure 6. Air gap flux density distribution through the main length for sleeve-rotor with and without rotor 

ends 

 

 

Generally, the difference between load and short circuit flux density is the immediate measure of the 

intensity of the rotor armature reaction. As a result of symmetry, the flux density as well as the tangential current 

density exhibit minimum values at the middle of the rotor, meanwhile the axial current density attains 

maximum. Hence, the axial rotor current density and the air gap flux density are known then the tangential 

force density per unit volume can then be determined as (19a): 

 

𝑓𝜑(𝑧) = −
1

2
𝑅𝑒{𝐽𝑧𝑚 ∙ 𝐵𝑟𝑚}  (19a) 

 

The force density distribution is plotted in Figure 7 and normalized by (19b). 
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𝑓𝑜 =
1

2

𝜇𝑜𝑅

𝑝𝑔𝑠𝑡𝑐
𝐴𝑠

2     (19b) 

 

 

 
 

Figure 7. Force density distribution through the main length for sleeve-rotor IM with and without rotor ends 

 

 

At normal speed, the maximum force density occurs in the middle of the rotor sleeve then its contribution 

to the developed torque will be large. At starting, the maximum force density appears near the rotor edges, here its 

effect on the starting torque will be weaker. For the case of rotor ends, the positions of minimum flux density and 

tangential current density as well as the maximum of axial current density move towards the out-hang regions. The 

higher force density occurs near the rotor ends, which affects both starting and maximum torque values. The total 

tangential force acting on the rotor can be obtained by integrating the force density over the sleeve volume. Then 

the developed torque can be obtained from the following integration: 

 

𝑇 = ∫ 2𝜋𝑅2𝑡𝑐𝑓𝜑𝑑𝑧
𝑧𝑠

−𝑧𝑠
  (20a) 

 

Figure 8 shows the torque-speed characteristic for two rotors with different end dimensions. The reference value 

of the torque is then 

 

𝑇𝑜 = 2𝜋𝑅2𝑡𝑐𝑧𝑠𝑓𝑜  (20b) 

 

The case of equal rotor ends improves the motor performance characteristics as all and raises the developed torque 

through the operating range. This is due to the current loops which close their paths within the sleeve end regions. 

It is obvious that the higher starting torque can be taken from the motor which has a sleeve-rotor with small ends. 

 

 

 
 

Figure 8. Torque vs slip for sleeve-rotor IM with and without rotor ends 
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The torque-slip characteristics obtained with rotor ends is compared with that obtained without rotor ends 

as shown in Figure 8. The rotor end regions improve the motor torque characteristics, they increase the developed 

torque through the operating range of the machine. It is obvious, that the contribution of the force density to the 

developed torque with rotor ends is higher than that without rotor ends. 

 

 

5. EQUIVALENT CIRCUIT PARAMETERS 

The well-known equivalent circuit Figure 9, is proposed to represent the induced voltage across the 

magnetizing reactance Xm in parallel with the rotor equivalent impedance. This rotor impedance, consists of a pure 

resistance Rr, in series with an imaginary element jXr, which represents the rotor leakage reactance. Therefore, 

resistance, inductance and impedance are important parameters which should be determined and investigated  

[24]–[28]. 

 

 

 
 

Figure 9. Air gap equivalent circuit 

 

 

The mechanism of the sleeve leakage expresses the decoupling between the rotor and stator windings. In 

the sleeve rotor there are some current elements which close their paths within the active length. There are other 

paths will take the rotor ends as a job to the sleeve current at the rotor ends. Hence, it is expected that the sleeve 

leakage flux decreases as the width of the rotor end increases. 

To determine the air gap impedance, it is necessary now to drive an expression for the stator induced 

voltage, using the flux linkage of the stator windings. The average flux density over the stator axial length is (21a), 

 

𝐵𝑟𝑎𝑣 =
1

2𝑧𝑠
∫ 𝐵𝑟(𝑧)𝑑𝑧

𝑧𝑠

−𝑧𝑠
= 𝐵𝑜  𝛽  (21a) 

 

where, the complex coefficient 𝛽 has both real and imaginary parts 𝛽𝑟 𝑎𝑛𝑑 𝛽𝑖 , respectively (21b): 

 

𝛽 = 𝛽𝑟 + 𝑗𝛽𝑖  (21b) 

 

Hence, the equivalent rotor current can be determined using the average of the axial current density component, 

 

𝐽𝑧𝑎𝑣 =
1

2𝑧𝑠
∫ 𝐽𝑧(𝑧)𝑑𝑧

𝑧𝑠

−𝑧𝑠
= 𝐽𝑜𝐺  (21c) 

 

where, the complex coefficient 𝐺 has both real and imaginary parts 𝐺𝑟  𝑎𝑛𝑑 𝐺𝑖, respectively (22b): 

 

𝐺 = 𝐺𝑟 + 𝑗𝐺𝑖𝑇𝑜 = 2𝜋𝑅2𝑡𝑐𝑧𝑠𝑓𝑜 (22b) 

 

Also, the equivalent current of the sleeve rotor referred to the stator side is obtained in terms of the stator current Is 

as (22c): 

 

𝐼𝑟 = 𝐺𝐼𝑠 (22c) 

 

Using the air gap power expressions and the voltage equation of the proposed circuit of Figure 9, the sleeve rotor 

impedance and the individual rotor equivalent circuit parameters can then be obtained in the forms: 

 

𝑅𝑟 = −(
𝛽𝑟∙𝑠

𝐺∙𝐺∗) 𝑋𝑚  (23a) 

 

𝑋𝑙𝑟 = −(1 +
𝐺𝑟

𝐺∙𝐺∗)𝑋𝑚 (23b) 
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with the known magnetization reactance Xm is (23c), 

 

𝑋𝑚 = 𝜔
2𝜇𝑜𝑚𝑠𝜋𝑅𝑠∙2𝑧𝑠

𝜋2𝑝2𝑔𝑠
∙ (𝑊𝑠𝐾𝑤)2 (23c) 

 

The (23) enable the sleeve resistance and the leakage reactance to be determined for any sleeve rotor 

machine design data, as functions of the motor speed. The obtained equivalent circuit parameters provide useful 

guidelines for any designer. It is very helpful in selecting a suitable sleeve dimension which satisfy the required 

and specified machine characteristics. Also, the individual equivalent circuit parameters of the sleeve are directly 

affected by the dimensions of the rotor ends. 

The sleeve resistance without rotor ends is affected by the motor speed so that it attained its higher value 

at starting. The rotor resistance is plotted in Figure 10 as a function of speed, with the sleeve end resistance is 

inherently included. With the rotor ends, the eddy currents flow easy to close their paths in the rotor end regions, 

indicating lower sleeve resistance. This is due to the more current elements which close their paths within the 

sleeve rotor ends. Figure 11 shows the rotor leakage reactance for two sleeves as function of the motor speed. The 

decoupling between the rotor and stator windings increases without rotor ends, hence more current elements close 

their paths within the sleeve active length with higher leakage reactance. It is evident that, the comparatively large 

rotor ends lead to increase the coupling between the stator winding and the sleeve rotor cylinder which decreases 

the rotor reactance. 

 

 

 
 

Figure 10. Rotor resistance (Rr) vs slip for sleeve-rotor IM with and without rotor ends. Thick line is without 

and thin one is with rotor ends 

 

 

 
 

Figure 11. Rotor reactance (Xlr) vs slip for sleeve-rotor IM with and without rotor ends. Thick line is without 

and thin one is with rotor ends 
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6. CONCLUSION 

Analysis of a sleeve rotor induction machine with rotor ends using cylindrical coordinates restores the 

geometry of the machine. In the present work; the sleeve rotor ends are taken into account through different 

approaches. The main approach is the machine performance. Firstly, the analysis deals with the machine 

performance when the field outside the stator iron length is ignored. The second approach considers the effects of 

the magnetic field in the regions adjacent to the edges of the stator iron on the motor performance. It is obvious 

that the contribution of the force density to the developed torque with rotor ends is higher than that without 

rotor ends. The higher force density occurs near the rotor ends, which affects both starting and maximum 

torque values. The rotor end regions improve the motor characteristics, and increase the developed torque 

through the operating range of the machine. Also, it is evident that both starting and maximum torques 

increase with increasing the rotor ends length. 

Taking the ends effect into consideration with small sleeve rotor ends leads to an appreciable 

leakage reactance in the normal operating range. This comparatively high value of rotor leakage reactance is 

due to the nature of the sleeve leakage mechanism, which is expressing the decoupling between the rotor and 

the stator windings. The effect of the sleeve end resistance is inherently included in the suggested derived 

expression for the equivalent rotor resistance, which increases as the sleeve end decreases. It is evident that 

the current displacement phenomenon with the suggested special technique proves the sleeve rotor skin effect 

through the axial direction of the rotor conducting sleeve. 
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