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The conceptions of b-metric spaces and metric spaces play a remarkable role in
proving many theorems of uniqueness and existence solution of such equations
as integral or differential equations. The conception of extended b-metric spaces
is considered as a generalization concept of b-metric spaces and metric spaces
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and this concept was employed to unify some new fixed point results in the litera-
ture. On the other hand, a new concept of Simulation functions founded in 2020
Keywords: in the name of J#Z-simulation functions and employed this class of functions
to unify some fixed point results in the literature. The main objective of this
manuscript, is to establish a new contraction namely, (v, ¢, §) s -contraction,
this contraction based on the concepts of extended b-metric spaces and the class
of functions (7-simulation functions) and the class of functions ©-functions
and the class of functions ®-functions, We utilize this new contraction to unify
the uniqueness and existence of fixed point results in the literature. In addi-
tion, some illustrative examples and an interesting application were established
to show the novelty of our work.
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1. INTRODUCTION AND MATHEMATICAL PRELIMINARIES
The study of fixed point theory has taken a wide range in analysis and applied mathematics since
Banach’s result [[1]] which considered the outstanding result in this field. The theorem of Banach asserts the
existence and uniqueness of fixed point for any contraction mapping on a complete metric space. Then after,
many researchers generalized the result of Banach in two directions; some of them by replacing the frame of
distance space (for example see [2[]-[16]), and the others by improving the contraction condition (for example
see [[17]-[30]). In this manuscript, we consider the following notations: % is a non empty set, R the set of all
real numbers, N the set of all natural numbers and ¢ the set of all fixed point for a self mapping g : #* — #'.
The notion of extended b-metric spaces was established by Kamran et al. [31] as:
Definition 1 [31]: On %, consider the function y : # x #" — [1,400), the mapping E, : # x # — [0, +00)
is said to be an extended b-metric space if the following conditions hold:

- [(BEyD] Ey(w',w) = 0iff w =w,
— [(By2)] Ey(w',w) = Ey(w,w'),
— [(By3)] By (w',w) < y(w',w)[Ey(w,w") + Ey(w”,w)] Vw’,w' ,we .

From now on, (%, E.) is referred as extended b-metric space.
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Remark 1: It is clear that if y(w,w’) = s > 1in (#/, E,), then the space will be b-metric space.
Definition 2 [31]]: On %, consider (#, E.,) and a sequence (w,) in /. Then:
(w,) converges to an element w’ € # if
. AN
T'EI-"I:IOO E,(w,,w") = 0.
(w,.) is Cauchy if

7.7511{1?”0 E,(wy,ws) = 0.

Definition 3: On (%', E,) we say that the function v : #" x # — [1,400) is bounded if there is an integer I'
such that for all wq, ws € # we have y(wy,wq) < T

Pioneer mathematicians, namely Khojasteh et al. [32] established the notion of simulation functions
in 2017 and they used them to unify many fixed point results in the literature. And then, many others mathe-
maticians established other types of simulation functions such as Cho [33] established .#-simulation functions
and Bataihah er al. [34] established the notion of .7#-simulation functions.
Definition 4 [34]: A function h : [1, +00) x [1,400) — R is said to be .#-simulation function if h(w,w") <

v forallw,w € [1,+00).
We referred by 7 the class of all 7#-simulation functions.

Remark 2 [34]: If i € #, then for all sequences (w,), (w,.) in [1,+00), 1 < lim w; < hrf w,- implies
— 400

i
r—400 r
lim sup d(wy, w,) < 1.
r——400
Definition 5 [34], [35]: Suppose © denotes the class of all non-decreasing functions 6 : [0, +00) — [1, +00)
that satisfying: (1) (©1) 6 is continuous on [0, +00) and (2) (©2) For each sequence {w,} in [0, 4+00),

lim f(w,)=1iff lim w, =0.
r—+00 r—+00

Remark 3: Suppose 6 € ©. Then 6~ 1({1}) = 0.
Example 1 [34]: The following functions & : [1,+00) X [1,+00) — R are #-simulation functions
min{w;, wo}

— h —
(w1, w2) max{wi,ws}
w2
—h -2
(wlaw2) wy + |1n(%)‘
w2
_ h(wl,WQ) = m
2
w
- M) =

Definition 6 [36]: Suppose ® denotes the class of all non-decreasing functions ¢ : [1,+00) — [1,400) that
satisfying: (1) (1) ¢ is and continuous on [1, +00) and (2) (®2) V w > 1, EI_P Pr(w') =1.
T o0

Remark 4 [36]: Suppose that ¢ € ®. Then ¢(1) = 1 and ¢p(w') < w' forall 1 <w'.

2. MAIN RESULTS
Definition 7: Suppose there is (#, E.,). A self mapping g on #  is called (v, ¢, 0) » if there are h € S,
0 €O,pe dand X € (0,1) such that for all wy,ws € # we have (1).

W(wlawZ) < h(GE"/(gwhng)?¢9)\E"/(w17w2)) . (l)

Lemma 1: Suppose that g satisfies the condition of (+y, ¢, 8) s~-contraction. Then for all w1, wq € #', we have
the following results:

— E, (w1, w2) = 0 implies £, (gw, gwz) = 0,

A

— 0 < E,(wy,ws) implies E. (gwy, gws) < ———
(w1, we) imp (g1, gws) P F——

E,y(wl, ’LUQ).
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4214 ) ISSN: 2088-8708

Proof 1: Suppose E. (w1, ws) = 0. Then, by condition[I] we have
1 < v(wri,ws) < OE,(gw1, gws) < pOAE, (w1, wa) = 1.
Hence the result, suppose 0 < E., (w1, w2). Then, conditionimplies
Y(wi,we) < h(OE,(gwi, gws), pONE, (w1, w2))

¢9)\E,y (w1 ) wz)
= 0B, (qwi, gws)

ONE., (w1, ws)
0, (gwi, gws)

1

So, y(w1, w2)0E, (gwi, gws)) < OAE, (w1, ws). and so, we have 0 E., (gw1, gws)) < Sl )
(w1, w2

QAEV(’UJl, ”LUQ).

Since 6 is non-decreasing function hence the result.

Lemma 2: Suppose there is (%', E.,) and a self mapping g on # is a (7, ¢, 0) »-contraction. Then & consists
of at most one element.

Proof 2: Assume to the contrary that, there are two elements w, w €Y ,then 0 < E.,(w, wl), using lemma 1,
we get that

A

—F w,w/ < \E w7wl < FE w7wl.
W(w,w) “/( ) W( ) W( )

Ev(w,w/) = Ev(gw,gw/) <

A contradiction and so E., (w,w’) = 0. Hence, w = w’.

In (#,E,), let us start with wg € # and g : # — # is a self mapping, then the sequence (w,)
where w, = gw,_1, r € Nis called the Picard sequence generated by ¢ at wy.
Lemma 3: Suppose there is (¥, E,). Let g : # — # be an (v, ¢, 0) »-contraction. Then,

TILH;O E,(wp,wyy1) =0 2)
for any initial point wy € # where (w,.) is the Picard sequence generated by g at wy.
Proof 3: Suppose that wy € # be any initial point and (w,.) is the Picard sequence generated by g at wg. If
there is K € N such that £, (w1, wx) = 0, then by lemma 1, we get that E. (w,11,w,) = 0forallr > K,
hence the result.
Now, suppose that 0 < E. (wy41,w,) for all 7 € N. By lemma 1, we get

A

E , < —
’Y(wr—i_l wT) ’Y(wm w'rfl)

E (wp,wr_1) < AE (wy, wr_1).

Consequently, the sequence { E,(w,11,w,) : 7 € N} is a non increasing sequence in [0, +00), thus, there is

o > 0 such that HI_P E,(wryr, wy) = ap. We claim that ag = 0. Suppose to the contrary that, oy > 0.
T—>+00

Let o, = O0E,(wy41,w,) and B, = GOAE,(wy,wpr—1). Then 1 < lim v(wy,wr—1) < lim G, <
r—+00 r—-+o0
lim «, by|l|and remark 2, we have

r—+

1< lim sup h(eE"/(wT'-i-lv w’!‘)a ¢9AE’Y(wT'7 w’r—l)) < 17

r—+400

a contradiction, and so, lim E,(wy41,w,) =0.
r——4o0

1
Theorem 4: Suppose (#, E.,) is complete where  is bounded by 3 Suppose there are h € 37, 6 € ©,

¢ € Pand A\ € (0,1) suchthat g : # — # is a (v, ¢, 0) s»-contraction. Then, there is a unique element in &.

Moreover, the sequence (w,.), where w,11 = gw,., r > 0 converges for any wy € # and lim w, € 4.
T—>00

Proof 4: Let us start with wg € # and the Picard sequence (w,.) in # which generated by g at wy. If there is
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t € Nsuch that E (w41, w;) = 0, then w; € ¢. So, we may assume that, for each r € N, E, (wy41, w,) # 0.
Thus, by lemma 3, we get HI_P E,(wr41,w,) = 0.
T—4+00

Next, we want to show that, (w;) is a Cauchy sequence, i.e., tlirﬁ E, (wy,w;) = 0. Assume to the
rt—
contrary that, tlini E,(wy,w;) # 0. Therefore, there exist ¢ > 0 and two sub-sequences (w,, ) and (wy, )
r,t—~+00

of (w,) such that (¢;) is chosen as the smallest index for which (3),
€ < Ey(wp,,wy,), tgy > 11 >k, 3)

which implies that (4).

E(wy,,wy, —1) < €. 4)

We claim that, kEToo E,(wy,—1,wy, ) = € and kEI—&I-loo E.(wy,,wy,+1) = Ae. To prove our claim, set ay, =
E.(wy, —1,wy, ). Then, by utilizing lemma 1, 3, 4 and E.,3 of the definition of E.,, we have
A

e< FE (w,,,w <————F (Wy, 1, W, 1
’Y( Tk tk) ’Y(U)rkfhwtkfl) ’Y( rr—1y Wiy )

A
< mV(wm—la Wy —1)[Ey (Wry—1, Wy, ) + By (Wi, w, 1) By

= )‘[E’Y(wf’k*hwtk) + E’Y(wtk7wtk*1)]’

taking the limit inferior as k — 400 and by taking into consideration (2)), we have (5),

€ < liminf ay. )]
k— 400

also,

IN

A
E’Y(wrk—lthk) )E’Y(wrk—Q’wtk—l)

V(W —2, We, —1

< [)\E'Y(wrk*27 w"'k) + )‘Ev(wrwwtkfl)]
< )\,Y(w"'k_27 wTk)[(E’Y (wTk_27 wrk—l) + E"/ (wTk:_17 w"'k)] + Ae.

By taking the limit superior as k — 400 and by taking into consideration (2)), we have (6),

limsup o < e. (6)
k—+o00
Consequently,
lim ap =e. @)
k— o0

Next, let 8, = E.,(wr, , Ws,+1). By lemma 1 we have

A

—F _ < \E _ .
’Y(UJkalywtk) ’y(wrk 1thk)— ’Y(wm 1’wtk)

By (wry s wey1) <

For both sides, take the limit superior, we have (8),

limsup Bk < Ae. (8)

k——+oo

Also, we get
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€< E’)’(wrk ) wtk) < 'Y(wrk ) wtk)[E’Y(wTk ) wtk-‘rl) + E’Y (wtk+17 wfk)]

[Ey (Wry s Wiy 1) + By (w11, wy,,)]

For both sides, take the limit inferior to get (9),

Ae < liminf Gy. )]
k——+oco
Consequently, we have (10).
lim B = Ae. (10)
k—+oco

By employing the properties of 6 and ¢, we get

d(0(Xe)) < O(Ae).

Now, by letting ¢, = 6(fx) and d, = ¢(6(Aag)), then lim ¢, > lim di > 1. So, remark 2 and
k— 400 k— 400

condition 1 yield that

1 < limsup h(cg, di) < 1.
k—+oo

A contradiction. Thus, tlilg E,(wy,w;) = 0. Hence, (w,) is a Cauchy sequence. So, there is an element
r,t——+o00

w' € # suchthat lim w, = «’. Toshow lim gw' =’
r——4o0 r—-+00

’-Y(wlv wT) S h(eE’Y(gwlv gwr)v QSQAE’Y(wlv wr))
< PONE., (W', wy)
~ 0B, (9w, gwr)

ONE, (W', wy)
0E, (9w, gw,)”

Thus, y(w', w,)0E., (9w', gw,) < OAE, (W', w,)

and so, E, (gw’, wy41) = E,(gw', gw,) < E, (W, w) < Ey(w'wy)

(W', wr)
Letting r — +oo, we get lim gw’ = w'.
r——400

1
Corollary 5: Suppose (¥, E.,) is complete and +y is bounded by % Suppose there is A € (0, 1) such that given
g W — W satisfies the following condition:

1< AN By (wi,w2) —In(y(w1,w2)) By (gwi,gw2) for all wi,ws € V. (11)

Then there is a unique element in ¢.
A

Proof 5: Define h : [1,+00) x [1,400) = R via h(wy, wy) = Z])—Q, 0 :[0,400) = [1,+00) via f(w) = e
1
and ¢ : [1,+00) — [I,+00) by ¢(w) = w?. Then, h € #, § € © and ¢ € ®. To show that g is
(v, 0, ¢) »-contraction.
From condition [TT} we have

1< ez\g E (w1,w2)—In(y(w1,w2)) By (gwi,gw2)

6)\3E,Y (w1 ,’u)2)
= 1<

'y(wh wQ)eE'y(gwl ,gw2)

ekSE"r (wl 7w2)

<8
= y(wi,ws) < e B~ (gw1,9w2)

(e/\E,y(wl,wg)))\2

A
= y(wi,wz) < eEr (guw1,gw2)

Int J Elec & Comp Eng, Vol. 13, No. 4, August 2023: 4212-4221
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(PONE, (w1, w2))
GE’Y (gwh ng)

= y(wi,wsz) <

= y(wi,wz) < h(0E,(gwy, gws), pONE, (w1, w2)) .
Thus, the result comes from theorem 4.

1
Corollary 6: Suppose (¥, E.,) is complete and +y is bounded by X Suppose there is A € (0, 1) such that given
g W — W satisfies the following condition:

In(y(wr, w2))E, (gws, gws) < )\SEV(’LUl,U)g) for all wi,ws € W' (12)

Then there is a unique element in 4.
Proof 6: The proof of this corollary comes from corollary 5.

1
Corollary 7: Suppose (#, E.) is complete and + is bounded by % Suppose there are A € (0,1) and ¢ > 0
such that given g : #* — W satisfies the following condition:

ey(wy,ws) < QN By (wi,w2) [2’\2E7(w1’w2) — QEV(gwl’g“’Z)v(wl,wg) for all wi,ws € W' (13)
Then there is a unique element in ¢.
2
Proof 7: Define h : [1,+00) X [1,400) — R via h(wy,ws) = _(;072), 6 : [0,+00) — [1,+00) via
€ wi1wa2

O(w) =2¥ and ¢ : [1,+00) — [1,+0) by ¢p(w) = w*. Then, h € S, § € © and ¢ € ®. To show that g is
(7,0, ¢) s -contraction.
From condition 13,
ex(wi, wp) < 2V Frlws) [QAQE”(“’I*W) - 2Ew(gw1,ng)7(w1,w2)}

— e,y(whu&) + 2E«,(gw1,ng)+>\2Ew(w1,w2),y(w17w2) < 22/\2E«,(w1,w2)

22)\2 E,(w1,w2)

- 7(11)1;102) < et 9E (gw1,gwa) + A2 By (w1,wz)

(ONE, (w1, ws))”
€+ 0E., (qw1, gwa)pOAE, (w1, w2)

= (w1, ws2) <
= y(wi,w2) < h(0E,(gw1, gws), pONE, (w1, w2)) .

Thus, the result comes from theorem 4. )
Corollary 8: Suppose (¥, E.,) is complete and +y is bounded by e Suppose there is A € (0, 1) such that given
g W — W satisfies the following condition:

A
y(wy,we) —1 < §E,y(w1,w2) — E, (9w, gws) for all wi,we € #'. (14)

Then there is a unique element in ¢. From corollary 8, we establish the following corollary:

1
Corollary 9: Suppose (#, E.,) is complete. Suppose there is 7 € (0, 5) such that given g : # — W satisfies
the following condition:

E, (gws, gwe) < TE, (w1, ws) for all wy,wy € #'. (15)

Then there is a unique element in ¢.
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Now, we highlight our results by introducing some examples.
1
Example 2: Suppose # = [0,1]. Define g on # via g(w) = @(w6 + w* + w? + 1). To prove that
1 + 3w1w2

there is a unique element in 4. Let v : # x # — [1,2] be defined by y(wy,ws) = Troiws and
w1wW2

E,:W xW —[0,+00) by E, (w1, ws) = %”y(wl, wa)(wy — wa)?. Then, it is clear that E., is a complete.
/

Moreover, define h : [1,+00) X [1,+00) = R by h(w,w’) =1+ 1In <w> and 6 : [0,400) — [1,+00) via
w

O(w') = e’ and ¢ : [1,+00) — [1,+00) by ¢(w') = Vw'. Then h € J#, ¢ € ® and § € O. To show that
there is a unique element in%, want to show that:

1
v(w1,ws) < h(0E,(gw1, gws), OAE, (w1, ws)) for all wi,ws € # and A = 3 (16)

Now, for all w1, wy € # we have:

Ev(9w1;9w2) = %’Y(Qwhgu&)(gwl - gw2)2
Vo) (w?—i—w%—i—w%—i—l—wg—w%—w%—lf
1 2
T6(w1 — wa)
1
8y (w1, w2)
A

- .
4’}/(11)17’(1}2) ’y(wlan)

ININ

E’y (w17 U)Q)

Therefore,

A
ZEW(wl’ w2)

wi,wg) < —F——,
7( ! 2) Ew(g’wl,ng)

e Bry(w1,w2)
= vy(w,w2) <1+1n B~ (gwi,gws) |’

= Y(wy,wy) <1+1n (fb@AEv(wlw?))

GEV (gwlv ng)

= y(wi,wz) < h(0E,(gw1, gws), pONE, (w1, w2)) .

Consequently, theorem 4 ensures that there is a unique element in 4.
Example 3: Consider the following self mapping ¢ : [0, 1] — [0, 1] via

(w) 1+w
W)= ———7"—.
R IVC RN
Then there is a unique element in ¢.
32
Proof 8: To prove this, let #° = [0,1]. Define h : [1,4+00) X [1,+00) — R via h(w,w’) = (w)™> . Also,

w
define v : # x # — [1,3] by y(wi,wo) = L2992 and B, : # x # — [0,+00) by E,(wy,wp) =

1+wiwso
1
5’7(11)1,11)2)(101 — wg)?. On the other hand, define 0 : [0, +00) — [1,+0o0) by §(w) = a® where a > 1 and
@ : [1,4+00) = [1,400) via p(w) = w ¥ 1tis obviously that, h € S, I, is complete, ¢ € ® and § € O.
To prove that there is a unique element in ¢, it is suffices to show that

3v2

(PONE, (w1, w2)) 5
0L, (gw1, gws)

2
~v(wr,ws) < forall wy,ws € #Wand \ = 3

Int J Elec & Comp Eng, Vol. 13, No. 4, August 2023: 4212-4221
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Now,

1
E,(qwy,gws) = §v(gw1,ng)(gw1 — gws)?

3< 1+ wf 1+w >2
T A\5V24+ V2w 5V2 + V2wl

3 s 2
8(5 + w})2(5 + w3)? (4(w} - w3))

6
= (w1 —wy)?

<
- 25
18\
—= 7E i
25 wr ) )
3v2x W1 we %
y(wy, wy) < a¥Wrw2) < a5 o) — (POAE, (w1, w2))
b= -  gB(gwi,gw2) 0E (gwy, gws)

Consequently, theorem informs us that there is a unique element in 4.

3. APPLICATION

In this section, we highlight the the importance of our results by introducing an application. The
meets all the expectations of the intermediate value theorem in the unit interval, therefore, the equation has a
solution, However, by applying our result we confirm that this solution is unique. Theorem 10 For any n € N,

n
> a®* = Az where 3n(n + 1) < A, (17)
k=0

has a unique solution in the unit interval I = [0, 1].
Proof 9: Let #/ = I. Define v : # x # — [1, 2] by y(w1,ws) = % and E, : W x # — [0, +00) by
E, (w1, ws) = L~y(wy, w2)(wy — w2)?. Then, itis clear that E. is a complete.

Observe that, our equation has a unique solution in % iff the mapping g : #* — # which defined by

1 n
gw) ==Y w**
k=0

has a unique element in &. To show this, we claim that for all wy,ws € #, we have (18).

=l

A 2
E <——F ith A\ = —. 18
’Y(gwlang) = 4’}/(’11)1,11}2) ’Y(w17 UJQ) W1 3 ( )
Now,
1 1 n 2 3 m 2
E,(gw1, gws) = 5’7(911)1,91112) (A ];)(w%k - U’gk)> < el (Zl(w%k - wgk)>

3 9 5 3n?(n+1)2 5 3n%(n+1)?
§ 472(11)1 — U)Q) (2(1 -+ 2 4+ 4 n)) = 7(11)1 - U)Q) = mEfy(wl,wz)

—F .
>~ 4’)/(’(1}1,11)2) ’y(’wlvw2)

NG

To complete our proof, define & : [1,+00) X [1,400) — R via h(wy,ws) = ,
wq
6 :10,400) = [1,400) via f(w) = e¥ and ¢ : [1,+00) — [1,400) by ¢(w) = Jw. Then, h € , § € ©

A new contraction based on € -simulation functions and ... (Tarig Qawasmeh)
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and ¢ € ®. From (I8) we have:

A
—Eﬂ/(wl,’u@) e%Ew(whwz)

4 = y(wr,wy) < Y1) <

N e
(wy, we) < E. (gws, gws) ~ eBy(gwigw2)’

(eAEW(wth))i

eE'y (gwl 79w2)

(QONE, (w1, ws))?
0L, (gw, gws)

= y(wy,wz) < , = y(wy,wa) <

= (w1, w2) < h(O0F,(gw1, gwa), pONE, (w1, w2)) -

Consequently, the function g meets all expectations of theorem 4, thus there is a unique element in ¢.

4.

CONCLUSION
In this study, We proved some new fixed point results based on our new contraction namely, (v, ¢, 6) -

contraction. This contraction combined a set of concepts such as the concept of extended b-metric spaces and
the concept of .77-simulation functions. Moreover, we showed the applicability of our new results by introduc-
ing some numerical examples and we showed the novelty of our results by introducing an application.
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