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1. INTRODUCTION

The principle of fractional calculus has been endorsed as distinguished mathematical tools to charac-
terize many real-world phenomena in the recent decades [1]-[5]. It has been increasingly considered by many
researchers in numerous areas of engineering and science, some of these areas are and not limited to con-
trol engineering [6], electrochemistry [7], electromagnetism [8], bioscience [9], and diffusion processes [10].
Several different fractional derivatives and integrals definitions have been formulated and accepted, and they
are divided into different categories. It’s worth mentioning that there are two fractional derivative definitions;
the first definition is the derivative of a function’s convolution with a power law kernel, as suggested by Rie-
mann and Liouville, the second is caputo’s proposal of convolution of the local derivative of a given function
with a power law function [11]. In view of different suggestions of many applied mathematicians, the caputo
fractional derivative operator is acceptable for many real-world problems because it allows for the use of spec-
ified initial conditions when taking fractional derivatives, for instance, the Laplace transform [1], [12], [13].
Atangana et al. in [1] asserted that when a fractional integral operates, the initial function does not recover well,
according to the mathematical definition of the caputo operator. As a result, although the caputo derivative is ex-
tremely useful and practical, it may not be appropriate for mathematical purposes [1]. The Riemann-Liouville
operator, on the other hand, satisfies the mathematical principle in the fractional calculus sense. Furthermore,
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when using the Laplace transform, the initial condition with fractional exponent is taken into account, which is
both practical and mathematically realistic [1].

In the same context, Taylor’s series including fractional ones is suggested by many authors as one of
the most efficient power series [14]. In 1847, the idea of the fractional generalized Taylor series was revealed,
when Riemann used a series structure to formulate an analytic function [15]. The proof of the validity of such
expansion for some classes of functions was given by Hardy [16]. Recently, the related mean value theorem
problem was discussed by Trujillo et al. [17], and the result from the Riemann-Liouville case to the Caputo case
was extended by Odibat et al. [18]. Another view to show fractional calculus, including Griinwald-Letnikov
and Riemann-Liouville definitions has been suggested by Oldham and Spanier [19], also a power series in-
volving integer derivatives of the analytic function was constructed [20]. Afterwards, to describe fractional
derivative, a new series was proposed by Samko et al. [21]. In reference [22], the Taylor-Riemann series
using Osler’s theorem was investigated to obtain certain double infinite series expansions of some elementary
functions. Some classical power series theorems have been generalized for fractional power series, and a new
construction of the generalized Taylor’s power series has been introduced in [14]. In reference [1], a numer-
ical approximation of the Riemann-Liouville fractional derivative operator was presented. Analogues of the
Taylor’s theorem and the mean value theorem for fractional differential operators were established in reference
[23]. More recently, Wei et al. have developed a general structure for Taylor series in fractional case by ex-
panding an analytic function at the current time or at the initial instant [20]. This structure takes into account
the Caputo definition, the Riemann-Liouville definition, the variable order and the constant order [20].

In this paper, a new straightforward formula in a series form for approximating the fractional derivative
operator in the sense of Riemann-Liouville , D*y(t),0 < a < 1, is introduced. Based on the weighted mean
value theorem (WMVT) and some direct computations; this formula is derived. Because the solutions of some
linear and nonlinear fractional differential equations are extremely difficult to obtain; such formula will be very
useful to establish new approaches for them. These solutions will be in series forms that could be used in order
to determine the analytic solutions in many cases. However the rest of this article is organized as follows:
The Riemann-Liouville differential and integral operators are presented in section 2 with basic definitions
and theorems. The theoretical framework is presented in section 3. Section 4 provides some examples to
demonstrate the method. The final part of the paper is the conclusion.

2.  RIEMANN-LIOUVILLE DIFFERENTIAL AND INTEGRAL OPERATORS

Calculus of integrals and derivatives of any arbitrary real or complex order is the topic of fractional
calculus [24], [25]. As one of the most important fractional derivatives operators, the Riemann-Liouville
operator satisfies all mathematical principles within the framework of fractional calculus [1], [26], [27]. To help
researchers better understand how this operator generalizes ordinary differential operators, some definitions and
properties related to this operator will be exhibited. Let us, firstly, assume that [a, b] is a finite interval, where

a,b € Rand —oo < a < b < oo. The left-sided Riemann-Liouville fractional integral of order a € R is
defined as [21], [28]:

L f(n)
J = d 1
a+f($> F(a)/a (l‘*’]’)lfo‘ T, X > a, ( )
and the right-sided Riemann—Liouville fractional integral of order o« € R™ is [28]:
J f(z) = ! /b /() dr, x <b (2)
O O A R

Observe that we have limited the values of the fractional order « to the real positive numbers [28],
which is necessary for some practical applications, but one may find that o belongs to complex numbers
in references [21], [28]. On the other hand, the left-sided Riemann-Liouville fractional derivative of order
a € R is defined by [28]:

Dg+f($) = ; @ /z LdTv T > a, (3)

I'(n— «) dan (x — 7)a—ntl

and the right-sided Riemann-Liouville fractional derivative of order o € R is [28]:
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_1\n n b T
D fla) = (1D (o) = oD [ an <, @

I'(n —a) dx» T —x)o-ntl

where n = [«], and where [-] denotes to the ceiling function. The popular forms of the Riemann-Liouville
fractional integral and derivative of order o € R™ coincide with the left-sided Riemann-Liouville definitions.
Actually, these forms can be defined as [29], [30], [31]:

apy_ L [T f(0)
JEf(x) = () /a @—r dr, x> a, (5)
d
B Do‘f(x)—#d—n/w LdT x>a (6)
“ - T(n—a)dan J, (x—7)ont1" '

It should be mentioned that the integral operators J&, , Ji* and Jg* in (1), (2) and (5), respectively, are
defined on LP(a, b) = The space of integrable functions, where p € [1,00). At the same time, the differential
operators D%, , Di*_ and D¢ in (3), (4) and (6), respectively, are defined on C/[a, b] = The space of continuous
functions [28]. Next, some important properties of the integral operator are stated for completeness.

Theorem 1: [32] Let o, 3 > 0 and ¢ € L'[a, b]. Then, J&J? ¢ = Jo+P¢ holds almost everywhere on [a, b]. If
additionally ¢ € Cfa,b] or & + 8 > 1, then the identity holds everywhere on [a, b].

Corollary 2: [32] Let o, 3 > 0 and ¢ € L'[a, b]. Then, J&JP ¢ = JB T 6.

Theorem 3: [30] The Riemann-Liouville fractional integral J¢' of the power function satisfies:

P(p+1)

« )M —
JX(x —a) ThtotD

(x—a)" T a>0, u>—1.

Having stated some fundamental properties of the Riemann-Liouville integral operator, we are now
ready to state some properties of the corresponding differential operator.
Theorem 4: [32] Let o > 0. Then for every f € L'[a, b], we have DY J2 f(x) = f(x) almost everywhere.
Theorem 5: [32] Let o > 0, If there exists some ¢ € L'[a, b] such that f = J¢, then, J@ D2 f(z) = f(x)
almost everywhere.
Theorem 6: [32] Let v > Oandn — 1 < o < m, n € N. Assume that f is such that Jénfa)f € Aa,b] =
The set of all functions with an absolutely continuous (n — 1)*" derivative. Then,

(;U _ a)a—k—l

n—1
JEDG f(z) = f(x) — Z W Z]irg+ D("_k_l)Jé”_")f(z). (7)
k=0

In particular, for 0 < a < 1, we have:

a—1

(@ T £ (2). (8)

F(a) z—at

JoDgf(x) = f(x) -

Theorem 7: [32] The Riemann-Liouville fractional derivative D¢ of the power function satisfies:

L(p+1)

D¢(x —a)t = Th+1-a)

(x—a)* ) ifa—puéN.

3. THE THEORETICAL FRAMEWORK

This section illustrates the theoretical framework of the present study. Actually, it introduces two
novel theorems that offer two powerful expressions formulated in the form of power series to approximate the
Riemann-Liouville fractional derivative operator. In summary, here are the main results of this work.
Theorem 8: Let y € C"1[a,b],0 < o < 1, and a > 0. Then for every ¢ € (a, ], there exist £ € (a,b) such
that the Riemann-Liouville fractional derivative operator D%y(t) can be written, in terms of fractional series
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and its reminder term, in the following form:
Dgy(t)

SR S P I N i ] G y<n+1><s><t—a>"+l-a> ©)
m—a)(y( e +; 0TG- 15 G-a '

The Riemann-Liouville fractional derivative operator for 0 < o < 1 is known as:

1 d [
Dgy(t) = ma/ y(2)(t —2)" “dz. (10)
Using integration by part to (10) yields:
1 t
D5 = iy (vl =+ [ - e, 1

Again, applying integration by part inductively n-times to (11) leads to the following assertion:

ot g (o A )
L, (ym(a)(t o) I / YD (@) (¢ — ) dx)
M-\ e t—a) M (-a) s s

Observe that y € C""1[a,b] and (t — )"~ does not change its sign in [a, t]. Therefore, one can conclude
using the WMVT that there exist £ € (a, b) such that:

Pyt (@)t —a)nr )t gy
g T G [,
B y(n+1)(§)(t _ a)n+17a
Tt i-a)l, (h—a) (13
_ y(n-i-l)(g)(t _ a)n+1—a

- Pk — )

)

which consequently implies the desired result.

Theorem 9: Let y € C’”*m[a, bl,a > 0,and m — 1 < a < m, where m is positive integer. Then for every
t € (a,b], there exist & € (a,b) such that the Riemann-Liouville fractional derivative operator D%y(t) can be
written, in terms of fractional series and its reminder term, in the following form:

Dgy(t)
1 . n y(k) A (t — )k« y(n+1) 5 t — q)ntl—« (14)
- e (v o S e )
k=1 Hj:l (J—a) Hj:l (J—a)
The Riemann-Liouville operator given in (6) can be rewritten in the following form:
«a _ 1 —«
Dgy(t) ~m—aTim—a) <y(a)(m —a)m—a—-1)...(1-a)(t—a)

([ e e ) -

But, based on the following assertion:

dm
dtm,

</at y (@)t~ x)m“df”) = /at Y (@)(m — a)(m — a — 1)...(1 — a)(t — 2)'~*d,
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in (15) will be as (16):

D) = ey (@t =0+ [y - o). (16)

Finally, using the same proof of Theorem 8 yields also the desired result.

4. ILLUSTRATIVE NUMERICAL EXAMPLES

In this part, the effectiveness and efficiency of our findings are numerically verified through solving
some linear and nonlinear fractional differential equations.
Example 10: Consider the function y(t) = —exp(—t) + & + cos ( ) — 6t. The two formulas (9) and
(10) given, respectively, in theorem 8 and theorem 9 are employed via mathematica package in order to gain
the approximate values of the Riemann-Liouville fractional derivative operator D2y(¢) versus the time ¢ for
different values of o and n. However, Tables 1, 2, 3, and 4 show the error terms between the approximate and
the exact values. One can observe that these errors can be reduced by sufficiently increasing the value of n or
by reducing the round of error that could be occurred when applying mathematica package.

Table 1. Error terms for example 10

t a=0.5,n=20 a=0.7,n=20 a=0.9,n=20 =0.99,n=20
0.1 0.00 8.88 x 10— 16 0.00 8.88 x 1016
0.2 0.00 178 x 1015 178 x 10~1>  8.88 x 10—16
03 888x10716 178x10°15 888x 10716 178 x10°15
04 888x10"16 178 x10~15 0.00 8.88 x 1016

05 178 x10715  266x 10715 444 x1071% 1.07x 1014
0.6 1.09x1071  226x10713 475x1071%3  6.62x 10713
07 409x10°12 828x10712 168x10"11 230x10"11
0.8 942x 10~ 1 1.86 x 10710 366 x 10710 496 x 10—10
0.9 1.50 x 10~2 2.88 x 1079 5.55 x 1079 7.44 x 1079
1.0 1.78 x 10—8 3.35x 108 6.31 x 10~8 8.38 x 10~8

Table 2. Error terms for example 10

t a=0.5,n=50 a=0.7,n=50 a=0.9,n=50 =0.99,n=50
0.1 0.00 1.33 x 10~15 0.00 0.00
0.2 0.00 222 x 10715 178 x 1015 0.00
0.3 0.00 1.78 x 10~15 0.00 1.78 x 10~15
04 888x10-16 178 x10~15 0.00 1.78 x 10~15
0.5 0.00 0.00 1.78 x 10715 8.88 x 1016
0.6 0.00 355%x1071% 178 x 10715 888 x 10~16
0.7 0.00 355%x 10715 888 x 10716 178 x 10-1°
0.8 888x10716 355x10715% 178 x 10715 0.00

09 178x1071% 622x10715 888x10716 133x 1015
1.0 888x10716  1.02x 1071 1.89x 10715 444 x10-16

Example 11: Consider the following nonlinear fractional IVP:

Dgy(t) =t'"*(1 —y)*, y(0)=0. (17)

The exact solution of this problem is y(t) = = + -, for @« = 1. However, in order to employ our
proposed scheme to solve such problem, one can firstly take the Taylor’s series around ¢t = 0 for the left-hand
side of (17), and then use the result reported in theorem 8 In other words, D§y(t) can be replaced by the
following assertion:

tk «

Dgy(t) = ﬁ *‘”+Z i (] ) (18)
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Using the initial condition y(0) = 0 implies:

tlfo‘y/(()) tzfay//(o) y(3)(0)t37a
re—a) TI'B—a) TA-a)

+...

19)

= 170 = 22799/ (0) + 27 (5/(0)® — 5" (0)) + ...

Equating the coefficients of t/ of (19) yields:

y'(0) = T(2-a),
y'(0) = 22— a)'(3 - ),
y"(0) = T2-a)?+2rB-a)l(2-a))T4-a),

consequently, substituting each of y(0),y'(0), 4" (0), - - - into the power series of y(t) around ¢ = 0 leads us to

establish the general solution of (17), which would be in the following form:

y(t) =tr'2 —a) — T2 - a)I'(3—a) + 1t3 [M(2—a)>+2I (3 - a)l(2 - )]

6

xT'(4—a)+ Ly [—6TB—a)[(2—a)*— [T(2—a)*+2I3 — a)T'(2 — a)]

72
xTA-a)]TG—a)+....

One can easily verify that, when o = 1, this solution would be the same exact solution given above, i.e;

t

y(t) =t =+ 80—t 0 T 10 =

In particular, the power series solution of the IVP given in (17), for 0 < a < 1, can be written as:

gy = S

|
0 m:

where

and

c(k)e(=k+m—1) 2c¢(m—1)
C(m)zr(m_““)(z: M(—k+m—1) (m—1)!>'

Table 3. Error terms for example 10

t a=1.5,n=20 a=1.7,n=20 a=1.9,n=20 =1.99,n=20
0.1 0.00 284 x 107 1% 995x10°1F 266 x 10717
0.2 0.00 7.11 x 10715 213 x 1071 799 x 10~15
03 355x10715  355%x1071%  142x107'* 533 x10°15
0.4 0.00 0.00 1.07 x 10714 133 x 10715

0.5 693x1071% 151x10713 333x10713 457x10°13
06 428x10712 887x10712 183x10~11 254x10°11
07 137x10710 276 x 10710 553 x10°10 755x 1010
0.8 276 x107Y 541 x 1079 1.06 x 10~8 143 x 10~8
0.9 391 x 108 746 x 10~8 1.42 x 10~7 1.90 x 10~7
1.0 417x10°7 7.80 x 10~ 7 1.46 x 10~6 1.93 x 10~6
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Table 4. Error terms for example 10
t a=1.5,n=50 a=1.7n=50 a=1.9,n=50 a=1.99,n=50
0.1 0.00 0.00 9.95 x 10~ 2.66 x 10~ 14
02 142x1071%  711x1071% 213x10714 799 x 10-15
03 355x1071%  355x1071%  142x1071% 488 x 10715

0.4 0.00 0.00 888 x 10715 488 x 10715
05 355x10715 178 x 10715 7.1 x10"1% 355x 1015
0.6 0.00 0.00 488 x 10715 222 x 10716

07 1.78x1071  622x1071%  316x10~1®  7.11x 10715
0.8 888x10716 162x10"1% 888x10716 266x 10714
09 422x10715  213x1071  355x1071% 746 x 10714
1.0 178x1071%  6.04x1071% 7.11x1071% 121 x10°13

Example 12: Consider the following nonlinear fractional IVP that describes the cooling of a semi-infinite body
by radiation:

Dgy(t) =t'=*(1 —y(t))*, y(0)=0. (20)

The exact solution of (20) for & = 1 is of the form:

(16t 9?5

Following the same technique applied to example 11 leads us to deduce the general solution of (20). This
solution can be written in the following form:

y(t) =2 —a) — 2t T2 — )T (3 — a) + %t?’ [B0(2—a)? +4I'(3 — a)['(2 — a)]

2 4

x (4 —a)+ it‘*[ —4AT(2 — a)® = 24T'(3 — a)T(2 — @) 3

[30(2 — a)?
+4IB - a)l(2—a)[T(4—a)|T(G—a)+....
For o = 1, the power series solution will be as follows:

14¢3 B 35t4 N 91t° N
3 3 3

y(t) =t —2t2 +

which coincides exactly with the power series of (21). However, Table 5 shows the approximate solutions
together with their residual errors of (21) for different values of n and «.. Besides, Figure 1 shows the exact and
the approximate solution of (21) for different values of « at n = 20. In view of these numerical results, it can
be asserted that the residual error is decreased when n becomes large.

y()

— — a=0.9,n=20

0.2 0.4 0.6 0.8 1.0

t

Figure 1. An approximate solution for example 12 for different values of o
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Table 5. Numerical solutions of example 12 together with their residual errors for different values of ¢

a=0.5,n =10 a=0.5,n =20 a=0.7,n=10 a=0.7,n = 20

(r)2-3(r)4-5(r)6-7(r)4-5(r)8-9 t app. Res. app. Res. app. Res. app. Res.
0.1 0.1693669 1.74x  0.1787661 4.44x  0.1326126 5.31x  0.1398065 2.76x
10—6 10— 11 107 10—11

0.2 0.2144900 1.17x 02180800 1.44x  0.1888217 4.05x  0.1923520  8.08x
105 109 10—6 10—12

0.3 0.2391206  4.15 0.2416223  1.36x  0.2236491 1.56x  0.2261308 3.01x
105 10—8 105 10—9

0.4 0.2567284 9.36x  0.2585229  5.23x  0.2492026 3.71x 02510679  1.38x
105 10—8 105 108

0.5 0.2702355 1.44x 02717184 9.45x  0.2692866 5.97x  0.2708023  2.72X
104 108 105 10—8

0.6 0.2813543  1.55x  0.2825414 8.41x  0.2858447 6.68x  0.2871004 2.64x
104 10—8 105 10—8

0.7 0.2906744  1.18x 02917126  3.32x  0.2998796 5.25x  0.3009584  9.88x
104 10—8 105 10—9

0.8 0.2987601  6.25x  0.2996669  8.93x  0.3120482 2.85x  0.3129942  2.50%
105 109 105 109

0.9 0.3059084 2.19x  0.3066869 2.87x  0.3227899 1.02x  0.3236183  2.80x
105 10—8 105 10—9

1.0 0.3121975 4.58x 03129633  3.13x  0.3323502 2.19x 03331162  4.32x
10—6 10—8 10—6 10—9

Example 13: Consider the following nonlinear fractional IVP; Riccati differential equation:

Dgy(t) = ' + 2t y(t) — '~ *y(t)?, y(0) = 0. (22)

The exact solution for o = 1 is of the form:
e2V2t _
V262V 2V 4 /241

y(t) = (23)

Likewise example 11, we found the general solution of (22) as:

yt) = [t+TB-a)|I(2—-a) — t?’l“(ﬁl%a) [[(2 - ) —2I(2 - a)T(3 - )]
— %t‘* 63— a)l(2—a)’+[F2—a)? 22— a)['(3 — a)|T(4— ) |T(5 - a)
4.
For oo = 1, the power series solution is of the form:
, t3 T
y(t) =t +t oo T

which coincides exactly with the power series of (23). However, Table 6 shows the approximate solution
together with its residual error of (23) for different values of n and «. Besides, Figure 2 shows the exact and
the approximate solution of (22) for different values of o at n = 20.

Example 14: Consider the following nonlinear fractional IVP:

Dy(t) = >3 —y'(£))**, y(0) =0,4(0) = 0. (24)

The exact solution of (24) for @ = 2 is of the form:

1
y(t) = 151" <t2 —12V/3t + 54 32/3) . (25)
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The same technique applied to example 11 can be also applied here to find the general solution of (24) for
1 < « < 2. This solution is, however, of the form:

B BrB—-—a)l(d—a) 1 [2

L0300
y(t) = 53 t*I'(3 — ) 33273 + ﬂt §I‘(3 —a)l'4d—a)
(3 —a)? 1 A3 —a)® 2I'4—a)?
9 120 813 273
I'(5 - a) [gr(:a —a)(4—a)— ”3;‘)}
— I'6—a)+---.
. (6-a)
Observe that the power series solution, for o = 2, is of the form:
1 3t
1) = =32/342 _ 4.
vt =3 332/3 108

This solution is exactly equals the power series of (25). For more insight, Table 7 shows the approx-
imate solution together with its residual error of (25) for different values of n and . From these numerical
results, we can obviously observe that such error decreases when n sufficiently increases.

Table 6. Numerical solution of example 13 together with it’s residual error for different values of o and n

(1)2-3(1)4-5(1)6-7(1)4-5(r)8-9 a=0.5,n = 10 a=0.5,n = 20 a=0.7,n = 10 a=0.7,n = 20
0.1 0.540394230  9.72x  0.569770720  2.73x  0.269035900  1.07x  0.281235570  3.98x
1077 10710 1077 10712
0.2 0.897926500  6.89x  0.917109000  2.44x  0.525631260  9.39x  0.537244240  1.39x
10712 1076 1079 10710
0.3 1.149028300  2.34x 1.162603400  6.82x  0.776353670  3.87x  0.787393800  1.65Xx
107° 107° 1076 1079
0.4 1.328655900  4.96 1338402600  2.72x 1.008963800  9.42x 1.018869100  7.33x
107° 1078 1076 107Y
0.5 1460432400  7.19% 1.467716300  5.41x 1.213574200  1.50% 1.222075500  1.43x
107° 1078 107° 1078
0.6 1.560239000  7.37x 1.565813600  4.22x 1.386626200  1.63x 1.393695300  1.28x%
107° 1078 107° 1078
0.7 1.638015900  5.36% 1.642429100  1.82x 1.529416700  1.24x 1.535196300  4.97x
107° 1078 107° 107°
0.8 1700248500  2.72x 1.703821800  7.41x 1.645777700  6.48x 1.650470400  3.65x%
107° 107° 1076 1079
0.9 1751172100 9.19x 1754111700  7.00x 1740261300  2.24x 1744068700  1.23x
1076 1078 1076 107°
1.0 1.793582400  1.86% 1796084600  1.25x 1.817146700  4.63x 1.820257000  4.75%
1076 10~7 1077 107°
yit)
---;“'"..’_.
L _,-—"“-_; - /APA
15}k P = - - 0
- - - I E a=0.5,n=20
[ - -~ -, 8
- -~
- - & - — = q=0.7,n=20
l” // -~ &
1ok pis - - ot — — a=0.9,n=20
’I’ ~ 7 Oh
[ P re A
P < <L o a=1,n=20
S0 Ls
’ P - =
osf ’/ ,/ A A Exact at a=1
roor P4 .’(_'!k
r ,"// A{Ad&
ts
i | e
T 0.2 0.4 06 0.8 1.0

Figure 2. An approximate solution of example 13 for different values of «
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Table 7. Numerical solution of example 14 together with it’s residual error for different values of o and n

(r)2-3(r)4-5(r)6-7(r)4-5(r)8-9 a=15,n=10 a=1.5,n =20 a=1.7,n =10 a=1.7,n = 20
0.1 0.009030744 1.11x 0.009030744 2.22% 0.009167872  3.33x 0.009167872 1.44 %
10—16 10—16 10—16 10—15
0.2 0.035396410 7.44% 0.035396410 2.22x 0.036019388 4.44x 0.036019388 1.55%
10—15 10—16 10—16 10—15
0.3 0.078049074  3.51x 0.078049074  4.44x 0.079604717 1.89% 0.079604717 1.33x
10—13 10—16 10—14 10—15
0.4 0.135995280  5.15x 0.135995280 0 0.139011330  3.69x 0.139011330 1.78 %
10—12 10—13 10—15
0.5 0.208294260  4.07x 0.208294260 0 0.213363390  3.73x 0.213363390 2.00x
10—11 10—12 10—15
0.6 0.294056080  2.17x 0.294056080 6.66x 0.301821170  2.48x 0.301821170 1.11x
10—10 10—16 10—11 10—15
0.7 0.392439810  8.79x 0.392439810 0 0.403580350 1.24x 0.403580350 1.33x
10—10 10—10 10—15
0.8 0.502651700  2.90x  0.502651700  2.22x  0.517871410  5.03x 0517871410  1.11x
1079 10716 10710 10715
0.9 0.623943290  8.15x  0.623943290  8.88x  0.643958930  1.74x  0.643958930  4.44x
1079 10716 1079 10716
1.0 0755609580  2.01x  0.755609580  8.88x  0.781140820  5.27x  0.781140820  1.33x
1078 10716 1079 10715
5. CONCLUSION

In this paper, two efficient power series formulas together with their error terms have been simply

derived for the purpose of approximating the Riemann-Liouville fractional derivative operator. It has been
shown through addressing several numerical examples that these formulas, which successfully have generated
effective series solutions, can be employed to solve many linear and nonlinear problems in the field of fractional
calculus.
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