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Incremental relaying (IR) was developed to overcome the problems facing
regular cooperative relaying methods. Out of the regular methods there is
fixed relaying, in which, the relay transmits the source’s signal to
the destination without considering the state of the channel. On the contrary,
adaptive relaying techniques, including IR, are becoming popular among
researchers nowadays; since they efficiently utilize the channel. In this paper,
we studied the performance of a two-hop IR system that has decode and
forward (DF) relays. Moreover, this system was analyzed over Nakagami-m
fading channels, with the presence of various interferers positioned near
the destination. As a result, the system suffered from co-channel interference.
Remarkably, in this work, formulas were driven for the outage probability
(OP) and the bit error rate (BER), and the assumptions were checked
numerically.
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1. INTRODUCTION

High data rates are required to serve multimedia operations in modern wireless communication
systems [1-3]. Interestingly, such systems need to be designed carefully, and studies are encouraged to plan
the link budget [4-7]. Designing modern communication systems to provide wide coverage and high data
rates cannot be done only with direct transmissions [8-11]. Therefore, studies considered multi-hop relaying
in the designing of these systems to overcome the coverage problem [12]. Multi-hop relaying is considered
because of the non-linear relation between the distance and the propagation loss, which reduces
the end-to-end attenuation and relaxes the link budget [12]. Interestingly, wireless and mobile networks use
traditional relaying in its place of microwave links and satellite relays [1, 12].

Interestingly, cooperative diversity considers using several relay nodes in transmitting the signal
towards the destination, which guarantees achieving diversity gain. The concept of cooperative diversity has
two features [1, 12]. First of all, transmitting to the intended node and to other neighboring nodes
(i.e., broadcasting the signal). Second of all, in cooperative diversity we can consider the antennas of
distributed nodes as a multiple-antenna system. Therefore, as a conclusion, cooperative diversity mixes
conventional relaying with multiple-antenna systems.

The source’s signal is delivered to the destination via intermediate nodes that implement cooperative
diversity methods. Such methods support distributed spatial diversity, widen the coverage area, and lengthen
the node’s battery life [13]. When a relay is used, there will be two phases for the transmission.
First, an information packet is sent by the source to the destination directly and to the relay (for non-direct
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transmission). Second, separate transmissions, of the information packet, will take place at the source and at

the relay towards the destination with a prespecified multiple access technique.

Multipath fading can be prevented by cooperative diversity [14], in which, the antennas of the nodes
act as a virtual antenna array. This is done in order to avoid having many antennas on each node,
for limitations like size and complexity. Cooperative digital relaying protocols have the problem of error
propagation in the relay destination link. To solve this problem, there are two scenarios.
First, the source-relay’s Channel State Information (CSI) would be known to the destination [14],
or, the second, the relay would transmit the source’s signal depending on its quality [15]. The second solution
wastes the spectrum resource in half-duplex relaying.

Fixed relaying methods represent one form of cooperative diversity in which a pre-deterministic
manner governs the relaying process of intermediate nodes [13]. These methods are easy to implement but
they don’t utilize the channel efficiently. Amplify-and-Forward (AF) and the DF relaying techniques were
explained in [16-26]. On the other hand, in [27, 28], the authors derived the BER and the OP of Rayleigh
channels with AF fixed relaying. Moreover, AF relaying performance in Rayleigh fading environment was
studied in terms of OP and symbol error probability (SEP) in [29].

As aforementioned, the utilization of channel resources is low in fixed relaying, thus, Incremental
Relaying (IR) is employed in modern wireless communication systems. IR systems use the relay only when
needed, thus enhances the channel utilization. As an application, authors of [30, 31] have studied a DF-IR
system with one relay through a Rayleigh fading channel. As for their contribution, they derived formulas for
the BER and the OP. Authors of [32, 33] have derived the formulas for the BER and the OP of a two-hop
DF-IR via Nakagami-m and mixed fading channels with existence of several L equal interferers placed close
to the destination.

In this paper, we propose a full examination of a DF-IR system that suffers from co-channel
interference due to Nakagami-m fading along with some L unique interferers placed near the destination.
A sum of distinguishable and independent Rayleigh random variables is used to represent the interferers in
the system. In specific, we properly examine the relay-based DF cooperative diversity system’s performance
with the system consideration of Nakagami-m fading channels with distinguishable interferers near
the destination. Preliminary results of this work have been presented in [34].

Besides, the following bullet points provide a summary of our contributions:

1. Coming into both the Cumulative Distributed Function (CDF) and the Probability Density Function
(PDF) of the spontaneous Signal to Interference Ratio (SIR) at the combiner’s output and consequently
using them in formulating the BER and the OP.

2. Attaining tight formulas for the system’s BER and OP with the existence of several L distinguishable
interferers close to the destination. The destination-interferer fading channels are assumed to be the sum
of unique and independent Rayleigh random variables.

This work is formed as the following; Section 2 displays our proposed system model. Section 3 has
the analysis of the system’s performance and the derivation of the BER and OP expressions. Section 4 shows
the results with discussions. In the end, section 5 concludes this work.

2. SYSTEM MODEL

Figure 1 shows a single channel that has three independent Nakagami-m coefficients;
the source-destination hgp, the relay-destination hg, and the source-relay hsg. A feedback sent by
the destination requesting the source’s signal from the relay is called negative feedback. This feedback is
triggered, towards the relay and the source, if the signal of the source wasn’t received clearly in the first time
slot. In the following time slot, the signals received from the relay and ones received from the source will be
combined at the destination using maximal ratio combiner (MRC) to enhance the received signal.
An additive white gaussian noise (AWGN), with a variance equal to 1, is assumed to exist at the destination.
There exists an antenna per node along with several L interferers near the destination that introduce
co-channel interference. Remarkably, the interferers links are assumed to be Rayleigh random variables
(unique and independent). Moreover, the sum of the Rayleigh random variables signifies the channel holding
the aforementioned connections. Time division multiple access is the multiple access technique adopted
in this paper.

In the first time slot, the signal is broadcasted by the source. Consequently, in the second time slot,
a decision is made by the destination to determine whether it needs a relay or not. If the relay is not needed,
(or we have a successful Direct Transmission (DT)), a positive feedback would be transmitted throughout
two paths, (the relay-destination and the source-destination), acquiring another signal from the source in
the following time slot.

Performance evaluation of decode and forward cooperative diversity systems .... (Mamoun F. Al-Mistarihi)
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Figure 1. Cooperative diversity system with several L distinguishable Interferers placed close
to the destination

Considering the events described above, the signals in the first time slot are going to be examined at
the destination and at the relay as shown on (1) and (2):

Ysp(ty) = hS,D\/E_'s x(ty) +ny(ty) +1(t) 1)
Vsr(t1) = hS,R\/FS x(ty) + ny(ty) 2

where ys p(t;) and ysp(t;) declare the two signals received at the destination and the relay and E; is
the energy of the source signal. x(t;) is the signal of the source in the first time slot. n,(t,), and n,(t,) are
the AWGN symbols. I(t,) represents the interferers’ effects in the first time slot.

If a DT was not accomplished, a negative feedback is sent by the destination towards the source and
the relay, which represent a query for the relay’s help. The relay will decode the source’s signal, re-encode it,
and finally transmit it to the destination in the second time slot. Telling the events described above in
equation format can be done by expressing the destination’s received signal in the second time slot in (3):

Yrp(tz) = hR,D\/E_'sxr(tz) +n3(ty) +1(t7) 3)

where x,.(t,) is the relay’s re-encoded signal, I(t,) is the interferers’ effects within the second time slot.
Interestingly, the source-destination path’s outage depend on comparing the path’s SNR versus y,, which
signifies the minimum threshold that lets the destination correctly handle the source’s signal from the DT.

3. PERFORMANCE ANALYSIS

We bypassed the effect of the noise at the destination in our analysis; because it is not comparable
with the co-channel interference. In other words, we will use SIR instead of signal-to-interference-and-noise-
ratio (SINR). In the subsequent text, the derivation of the destination SIR’s PDF and CDF from both
the relay-destination and the source-destination paths is proposed.

3.1. PDF of SIR’s 715 and ng p
The SIR’s (nsp) PDF in the source-destination’s link is calculated as the following:

f (TI )z(m)! L o Lﬁ;l] *)
ns,p\'IS,D r(m) “k=1"k (nsp+Asp)"
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where Agp = (::/D ) 1 is used to refer to the first time slot, m;, = [T=; =%, L is the number of interferers.

k1 ik 'k~ a
The SIR’s (g p) PDF in the relay-destination’s link is calculated as the following:

(m)! ARDNED"
fTIR,D(nR,D) = Zk 1Tk Iwi[wmﬂ] (5)

rm (nr.0+ARD)

where Az, = (TZ;D ) 2 is used to refer to the second time slot.
k2

Proof:

The SNRs of the source-destination and the relay-destination paths, ysp and yrp respectively,
are exponentially distributed. Moreover, the interferers fading channels’ SNR (y, = Yk_, y;) is assumed to
be the sum of unique and independent exponential random variables. Thus, the SIR’s (nsp) PDF is
processed as [35]:

Foso(Ms0) = Jy Volysn Wpnsn)fy, ¥6)dVs (6)

and the SIR’s (ng p) PDF is computed as:

Forn@r0) = I Vo fyro ¥oMr) fy, Vo) dVn @)

The PDFs of ysp, vz p and y, are denoted as:

_ mMysp™ ! _ mysp
fVS,D (]/S,D) - mmr(m) exP( ¥sD >’ }/S,D >0 (8)
_ mMygrp™? myR,D
fVR,D (VR.D) = JRo™T(m) exp( e )7 Yrp >0 9)
-1b
Fry V) = Zi:l:::e( yk): Y» >0 (10)

while the average SNR of each destination-interferer’s channel is represented by ¥y

Integral (6) can be solved by using [36, (3.351.3)] to get the PDF of the SIR for
the source-destination’s link in (4). Similarly, integral (7) is solved using the same equation to obtain
the SIR’s PDF of the relay path in (5).

3.2. CDF of SIR’s nS,D and 7IR,D
The SIR’s (s,p) CDF in the source-destination’s link is calculated as the following:

(m-1)! ns, m .
Fuso(nsn) = S Bherme (122) 51 (m+ 1mim o+ 1,-222) (1)

The SIR’s (ng,p) CDF in the relay-destination’s link is provided as the following:

(m-1)! )
nRD(URD) :—n(m) Y=t Tk (ZRZ) 1 (m +1mm+1; —;’::—Z) (12)

where £1(a, b; c; z) is the Gaussian Hypergeometric function [36].

Proof:
The ns, CDF is computed as [35]:

Fysp(Msp) = fonS'D Josp (W)dy (13)

where f,., (¥) is given in (4).
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The CDF of ngp is established by taking the integral of the PDF of np, given in (5) as
the following:

Foep(Mrp) = Jo™° fonp 0Dy (14)

Solving the integrals in (13) and (14) using [36, (3.194.1)], the tight formula of the ns,’s CDF is
going to be as (11) and ng ,’s CDF is going to be as (12).

3.3. BER analysis
The BER of the IR system is designated as:

Pe = Pr(nS,D =< yo) X Pdiv(e) + (1 - Pr(nS,D < yo)) X Pdirect(e) (15)

Depending on whether the relay is going to help or not, (15) encloses the two unconditional BER
cases. Specifically, (15)’s second segment is used for the BER when the destination relies only on the DT.
However, the first segment of (15) is for the BER of the path between the relay and the destination, where
the destination would be using MRC to combine both signals.

P,i,(e) is the average MRC error probability in the combined diversity communication of the paths:
source- and relay- destination. Py;...:(e) is the destination’s error probability only in the source-destination
path. Py;r.c: (€) can be expressed as:

Pdirect (6) = f0°° Pdirect(eln)fng_D (77|775,D > YO)dnS,D (16)

where P,....:(eln) is the conditional error probability which equals aQ(,/BnS,D) with the constellation
parameters « and B. For instance, for Binary Phase Shift Keying (BPSK),a& = 1 and 8 = 2, for M-PSK,

. 2 3 1 e} —ﬁ .
a=1and B = 2sin (%) and for M-QAM, a=4andp = D and Q(x) = Efx e( 2 ) dy is
the Gausian Q-function. £, (n|nsp > v,) is the conditional PDF of ng, given that 15, is above

the threshold y, to indicate that the DT is successful which is given as:

0 M=V

> = nep " 17
fnS’D (n|77$,D Vo) kazlnk /15,D ED m+1] N 2% (17)

(ns,p+2s,p)

where
_ (m)!
[l"(m)—(m—l)!Zkzlnk(ly—o)m’;l(m+1,m;m+1;—ly—°)]
s,D sD

The approximated expression of P;;....(e) can be found by placing (17) into (16) and using the
Prony estimation of the Q-function with [36, (3.353.1)], and it is given as:

(—a;p)"

n!

Pairece(€) = ap Zi2=1 4; Zk=1 Ty As,p Y=o

e"mmYo . (-1 (-r-m)™ S (cn-m)™

m! j=1 (Yo+Asp)/ m!

e(n+‘m)/15_DEi [_(n + m) (]/0 + AS,D)] (18)

where E;[x] is the exponential integral function [36, (8.211.1)] and the terms A; and a; are the Prony
estimation parameters. Full derivation of P,;,....(e) is provided in appendix A. The expression of the error
probability P;;,,(e), when the relay is helping and the destination is using MRC, is given by:

Pdiv(e) = DPsr (e)px(e) + (1 — DPsr (e))pcom(e) (19)

where pgg (e) represents the relay’s error probability in the source-relay path and p, (e) is the destination’s
error probability when the relay decodes the signal ineffectively and it is restricted to be below 0.5 as
stated in [21]. p.om (e) is the destination’s error probability when the relay correctly decodes the signal.
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The expression (1 — psg(e)) indicates successful decoding at the relay, which achieves spatial
diversity at the destination when it uses MRC to combine both received signals. pgg (e) is expressed as [1]:

a’YsR

k
- —2
( %ll _ M(ai:,g) ;(n=—01(2kk) (1 “ (4_2"‘ )) ] mis integer
a?ysR 1
1 e T(m+) F, (1, m+ %; m+ 1; (L)> m is noninteger
m

2Vn [ a?ySR m+(1/2)l“(m+1)x 2 2%vsr
k (1+ Zm') +—

psr(e) = (20)

azmifazm/z F o) i i - i i
where M( - ) 2 mratrsnz 1(a, b; c; z) is the Gaussian Hypergeometric function [36]. and I'(x) is

2
the Gamma function [36], Vs is the relay’s average SNR in the source-relay link. p.,n, (e) is calculated by:

Peom(€) =a [” fe(x|nsp < vo) Q(Bx)dx (21)

where x = 15 + g p. Since 75 p is Not comparable with np , at the MRC; thus, we will create a violation to
work simply on ng 5 and therefore, p.,., (e) will be given as:

Peom(€) = a fom fnR_D(nR,DlnS,D < Vo) Q(\/ﬁ”R,D)an,D (22)
where

= ECOIE __ARDMED'
ﬁ1R’D(7’R,D|nS,D <o) = fnR,D(UR,D) = Tom &k=1Tk (nR,D+/1R,D)m+1] (23)
assuming that we have independent random variables [35].
The approximated expression of p..(e) is found by solving (22) utilizing the Prony estimation of
the Q-function with [36, (3.353.3)], and it is given as:

0,—-m

~ am! 2\" ¢ -m L 13( 2 |-mi-mli-m
pcom(e) ~ mr(l_'_m)r(m) (ﬁ) Zk=1 T[k (/’{R,D) G 3,2 <ﬁAR,D 2 ) (24)

where G 7 (z|) is the Meijer G function [37]. Full derivation of p.,,(e) is provided in appendix B.
Equations (24), (20) and (18) can be substituted into (15) to get the expression of the BER.

3.4. OP analysis

Two events can properly describe the OP of the IR; when the DT is unsuccessful, a negative
feedback will be sent to the relay in order to request the source’s signal in the second time slot,
then, the destination will use MRC to enhance the received signal. However, in the second time slot,
there’s still a chance for the received signal to be in outage even if the relay is helping, and that is when
the two combined signals SNR are below the pre-defined threshold y,.

Both events of the IR’s OP are represented by p,,, as the following:

Pout = PF(US,D < Vo) X B [min()’s,R' Nsp+ Npp < Vo|775,D < Vo)]
= Pr(Tls,D < Vo) [1 - Pr(TIS,D + Nrp > Yollsp < Vo)] X Pr(Vs,R > Yolfsp < Vo)

_ Pr(ﬂ : SYO)_Pr(ﬂ Dt TR, SVO)
- Pr(nS,D < yo) X [1 - = Pr(nslpssy?,) kD Pr(VS,R > Vo)] (25)

It is worth to mentioning that the two OP events are contained in the operator min(e|*), i.e., the first
term is the relay’s outage, however, the second term signifies the destination’s outage. By simplifying
the previous formula, we get:

Pout = Pr(]’s,R < Yo) PF(US,D < Yo) + Pr(Ys,R > Vo) Pr(ns,u + Npp < Vo) (26)

Performance evaluation of decode and forward cooperative diversity systems .... (Mamoun F. Al-Mistarihi)
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When the relay is helping, the MRC is used at the destination. At that time, the value of 7ngp is
going to be much less than 7y 5,; because of the diffeciencies of the DT. Intuitively, this leads to omitting ns p
from (26) which yields to the approximated OP expression, as the following:

Y(mmZE) -y m
~ p VL Yo . ._ Yo
Pout ¥ gy rgmy k=17 (/k,») 2fy (m thmmtd—g >

S,D

+

)] mesyr vo \™ Yo
1- T | Tom k=1 Ty (E) 2 F (m +1,m;m+1; _AR,D) (27)

where M=L is the number of interferers close to the destination, y(a,b) is the Incomplete Gamma
function [36].

4. RESULTS AND DISCUSSION

In this part of the paper, the performance of a DF-IR system in Nakagami-m fading environment
with unique interferers near the destination is examined. Varying L along with y, and interferers y’s would
impact the system’s performance; this is clarified by showing which parameter has affected the performance
more severely. Figure 2 displays the influence of altering the threshold value on the BER for BPSK
modulation with three interferers using m=3 and y,=7 dB, y,=10 dB, and y;=13 dB. From this figure,
if the threshold value decreases, then the system’s BER will be enhanced.

Figure 3 shows the impact of altering y, and the interferers y’s on the BER for BPSK modulation
with three interferers (L=3) and fading severity parameter m=3. In this figure, if the threshold values
increase, then the system’s performance is going to be diminished. For instance, a system with (y,=10 dB,
y,=7 dB, y,=10 dB and y;=13 dB) will act worse than a system with (y,=10 dB, y,=2 dB, y,=5 dB and
y5=7 dB).

SNR [dB]

Figure 2. BER for BPSK modulation for various y,’s Figure 3. BER for BPSK modulation for various
and (L=3, m=3, y,=7 dB, y,=10 dB, and y;=13 dB) interferers y’s and, (L = m = 3)

Figure 4 defines the effects of increasing L on the BER of the system for BPSK using m=3, y,=10
dB, y,=7 dB, y,=10 dB, and y3;=13 dB. From this figure, as L increases, the system’s BER is going to be
severely degraded in reflection to the increase in co-channel interference. To demonstrate this, we say,
for a 1072 BER, a system with (L=1) is better than a system with (L=3) by (17 dB).

Figure 5 displays the BER against SNR of different m values with three destination-interferers and
¥,=10 dB, y;=7 dB, y,=10 dB, and y;=13 dB. In the figure, the system’s BER improves, when the fading
severity parameter (m) increases. To show this, we say, for a 1072 BER, a system with (m=4) transcends
a system with (m=2) by (2 dB).
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SNR [dB] SNR [dB]
Figure 4. BER for BPSK modulation for various Figure 5. BER for various m values and, (L = 3,
numbers of interferers (L=1, 3), m=3, y,=10dB, y,=10dB, y,=7 dB, y,=10 dB, and y;=13 dB)

v,=7 dB, y,=10 dB, and y;=13 dB

As Figure 6 illustrates, as y, decreases, the OP will be upgraded. For example, given that the OP is
0.25, a system with y,=13 dB would need to increase about 6 dB to act like another one with y,=7dB.
This behavior happens for the following reason; as y, decreases, the source-destination link is going to be
less likely in outage and the relay-destination link is going to be used less frequently. Figure 7 shows
the effect of the interferers y’s on the outage probability. From the figure, one can see that a system with

(y,=10dB, y,=10 dB, y,=13 dB and y;=15 dB) will act worse than a system with (y,=10 dB, y;=2 dB, y,=5
dB and y;=7 dB).

0.35 ‘ . . . o—a

()] E—— L S . SO N — - -

0.15

Qutage Probability
Qutage Probability
o
I

=
=

—m— ¥,=10dB, ¥, =13 dBand V=15 dB

....................................

—5— ¥,=2dB V=5 dBand V=7 dE
5 10 15 20 25 30 10 15 20 25 30 35 40

SNR [dB] SNR [dB]
Figure 6. OP for various values of y,, and (L=1, Figure 7. OP for various values of interferers y’s and
m=3, y,=7 dB, y,=10 dB and y;=13 dB) (L=m=3, y,=10 dB)

Figure 8 shows the situation where we got several interferers close to the destination; clearly,
the co-channel interference is going to increase the system’s OP as L increases. For instance, we might
compare two systems, one with (L=3) and the other with (L=1), and (y,=10 dB, y;=7 dB, y,=10 dB and
y3=13 dB) for the OP of 0.3, there’s about 20 dB difference in the SNR which confirms that the co-channel
interference is going to impair the system’s performance.

Figure 9 illustrates the OP versus SNR for various values of m with one interferer and y,=10 dB,
y.=7 dB, y,=10 dB, and y;=13 dB. As realized in this figure, the increment of the fading severity parameter
(m) is going to enhance the system’s performance by means of OP. For instance, for OP of 0.1, a system with
(m=4) surpasses a different one with (m=1) by (3 dB).

Performance evaluation of decode and forward cooperative diversity systems .... (Mamoun F. Al-Mistarihi)
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Figure 8. OP for various values of L and (m=3, Figure 9. OP for various values of mand, (L = 1,
¥,=10 dB, y,=7 dB, y,=10 dB and y;=13 dB) ¥,=10dB, y,=7 dB, y,=10 dB, and y;=13 dB)

5. CONCLUSION

The performance of a DF-IR system throughout a Nakagami-m fading channel with unique interferers
near the destination was evaluated. The evaluation clarified the impact of the change in the threshold y, and in
the co-channel interference on the system’s BER and OP. Efficient use of the channel’s bandwidth is guaranteed
by achieving spatial diversity in IR systems. A derivation of the BER and OP formulas was proposed in this
study. Outcomes have shown that if the order of the Nakagami-m fading channel decreases and the number of
interferes increases, the system’s BER and OP will get weakened. Moreover, there is a huge effect of y, and
the interferers y’s on the performance of the analyzed system.

APPENDIX
A. Derivation of P g;....(€)

The expression of P;;,...:(e) is denoted as:
Pdirect (e) = fOOO Pdirect(eln)fnS,D (n'nS,D > Vo)dT) (A-l)

The conditional PDF f, . (n|nsp > v,) is given as:

s (1lnso > 1) = 222752 e (A2
nsp\Ml1sp = Yo 1=Fng p (o) P X=1 T As,p [m] M2 Yo '
where
(m)!
= - (A3)
[F(m)-(m—l)!zkﬂﬂk(;;on) 51(m+1,m:m+1:—/1};"n)]
Substitution (A.2) into (A.1) to get
m-—1
i =(” / L __Msp
Pyirect(€) fl/o a Q( ﬁnS,D)p Zk:l Ty AS,D I:(US,D+AS,D1)m+1:| dnS,D
_ L b n8H
= ap Xg=1Tx Asp fVo Q(/Bnsp) [(ns,DHs,n)mH] dnsp (A4)

Using the Prony’s approximation of the Q-function
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Q(x) ~ 3, Ae™

(A.5)

where x = \/Bnsp. P = q = 2, A; = 0.208, A, = 0.147, a; = 0.971, a, = 0.525.

Pyirect () becomes:

Pyirect(€) = ap f:: Z?zl A; e~abnsp =1 Tk As,p ﬁ] dnsp
= ap Xioq A Die1 T Asp fy [?iif;g:ﬁ] Ns,p
Define:
I= fm L‘W:ﬁ] dns,p
Yo l(nsp+4s,p) ’

Using [36, (3.353.1)], | will be as:

(A.6)

(A7)

—a.pN -(n+m)yo P 1 — m—j o —. m
1=, [ oy URRCRmT GO o mso [+ m) (¥, + As )] | (A8)

m! j=1 (o+sp) m!

Substituting (A.8) into (A.6), the approximated expression of Py;,...(€) is given as:

Pyirece(€) = ap Xfoq A; e T Asp Ymo o p j=1

_ — m
Co et mAsn [ (n + m)(y, + AS,D)]]

m!

Cap)t |20V o G=D! (zn=my™TT
(Vo+As,p))

(A.9)

where E;[x] is the exponential integral function [36, (8.211.1)] and the terms A; and a; are the Prony

approximation parameters.
B. Derivation of p.om(€)

The expression of p.,., (e) is denoted as:

Peom(€) = a [, fu(xnsp < v0) Q(/Br)dx
X =1MNsp+Nrp

(B.1)

A transgression will be made on the random variable x to work merely on ng . Since ng , will be

much greater than n , to get the approximated expression of p,,, (e) as follows:

Peom(€) = afgoo f17R_D(77R,D|775,D < Vo) Q(\/ Bn)dngp
The conditional PDF f, . (11z,p|7sp < ¥o) is given as:

(m)! ARDIRD" ]
< = = —_—
ﬁ7R,D(nR,D|nS,D = Vo) fnR,D(UR,D) Tam) Zk 1Tk (nR,D+AR'D)m+1

Substituting (B.3) into (B.2):

® m)! TRD
Peom(€) = @ fo Q(/Bnrp) F?:n) Y1k Arp %] dng,p

("R, +1R,D)
IO COIRS [ RD" ]
ar(m)2k=1 Ty AR,p fo Q(/Bnrp) (rp+Arn) T dNgp

Define:

(B.2)

(B.3)

(B.4)
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I = f Q(\/ ﬁnR D) [( nl;DD)m+1:| anD (BS)
Using
oWan = =625 (% ) ©6)
2
1 _ 1 ~11(v|1-m
(1+41)" =t 1a (al 0 ) (B.7)
Based on (B.6) and (B.7),
1 B
Q(Bs) = =675 (P22 ) ®8)
1 _ 1 1 — 1 1 1,1 <77R_D —m) (B 9)
(‘r]R,D+ZR,D)m+1 (AR'D)m+1 (1+nR_,D)m+1 (AR’D)m*-l r(m+1) 1 AR,D 0 :
AR,D
Substituting (B.5), (B.8), and (B.9) into (B.4), we get:
(m)!
Peom(€) = @i Tt Bhos T A G Iy pot3 (2] 1) 6 1 (322 ) dneo
a(m)! L -1,~20(BnRD | 1 11 (nRrpD | -
- \/Er(m)r(mﬂ)z =17k ARDI Mep Gy ( 2 0%)61,1 (AR,D 0 )anrD (B.10)
Using [37, (07.34.21.0011.01)], the approximated expression of p.,,(e) is given as:
(e) ~ a(m)! (g)m YL AT G 13( 2 —m,l—m,%—m) (B.11)
Pcom VZRT(M)T(m+1) \B k=1"k”"R,D BARD 0,-m '
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