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 In this paper, new expressions for the effective radius and fringing 

capacitance have been derived to predict accurately the resonant frequency of 
the two-layered circular microstrip patch antenna. These expressions are 
obtained based on genetic algorithm and the data base is generated using 
moment method (MOM). The proposed model is very simple, fast, and valid 
for an entire range of permittivities and thicknesses of two-layered substrate. 
The present model has been validated by comparing our numerical results 
obtained for the resonant frequencies with measurements. Finaly, the effect 
of the two-layered substrate on the resonant charateristics of the circular 
microstrip patch antenna has been presented. 
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1. INTRODUCTION  

Microstrip antennas have gained importance and created interest in research during these last years 

due to their numerous unique and attractive features such as low profile, light weight, planar configuration, 

relatively cheap, and ease in fabrication and integration with solid-state devices [1-5]. They have been 

employed as radiating or receiving elements in a wide range of microwave systems, such as radars, 

navigation, mobile communications [6] and wireless biotelemetry [7]. In microstrip antenna design, it is 

important to ascertain the resonant frequency of the antenna accurately because microstrip antennas have 

narrow bandwidths [8-12] and can only operate effectively in the vicinity of the resonant frequency. As such, 

a theory to help ascertain the resonant frequency is helpful in antenna designs. 

The most popular methods used to compute the resonant frequency of microstrip antennas are 

the magnetic wall cavity model and the moment method implemented in the spectral domain known as 
the spectral domain approach. The cavity model is based on some fundamental simplifying physical 

assumptions regarding the radiation mechanism of antennas. This model results in simple analytical 

formulas, leading to a better understanding of the physical phenomenon, and well compatible with CAD. 

However, this model can lead to inaccurate results, especially for applications that require a thick 

substrate [13, 14] or a high dielectric constant. Another handicap specific to this model is its limitation to 

simple geometric shapes. 
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The spectral domain approach is founded on the basis of complex mathematical formalisms, 

can lead to exploitable results only through a numerical resolution. This approach provides good accuracy but 

its computational cost is high due to the evaluation of the slowly decaying integrals and the iterative nature of 

the solution process. Hence, it is not easily included in a computer-aided design package. 

The suspended substrate patch antenna has received a great deal of attention due to its frequency 

tenability feature, longer bandwidth, and improved radiation efficiency for a patch on high permittivity 

substrate (Alumina, GaAs, etc.). The suspended substrate patch antenna is a special type of a patch antenna 

on a two-layered substrate. The patch on a two-layered substrate is encountered in several microstrip   

designs [15]. 

A simple algebraic formula for the resonant frequency of a single-layer circular microstrip disk 
antenna as a function of the effective radius and of the fringing capacitance has been derived in [16] which is 

valid for electrically-thick dielectric substrates. In this paper, we propose fast and accurate model based on 

genetic algorithm in conjunction with moment method [13] to compute the resonant frequency of two-layered 

circular patch antenna. Genetic algorithm is used to obtain closed form expressions for the effective radius 

and the fringing capacitance by which the resonant frequency of the two-layered configuration may be easily 

calculated. This relatively simple model allows designers to predict accurately the resonant frequency for a 

given design without having to develop or run the spectral method codes themselves. The main advantages of 

the method are: less computing time than the spectral approach, results with accuracy equivalent to that of 

full-wave models and cost effectiveness, since the client can use a simple PC for implementation. 

 

 

2. GENETIC ALGORITHM : CONCEPTS 

Genetic algorithm is a method based on biological evolution. Basically, genetic algorithm has at 

least the following elements in common: 

 

2.1. Initial population 

In genetic algorithm based optimization, a set of trial solutions in the form of chromosomes is 

assembled as a population. The population is the unit that the genetic algorithm optimizer utilizes to search 

for the optimum solution [17]. The population size is chosen to achieve a compromise between computation 

time and solution quality. 

 

2.2. Evaluation 

The evaluation of each individual is performed by an evaluation function called fitness function. 
This function is usually the link between the physical problem and the genetic algorithm optimization 

process [17]. It’s assigns to an individual a number representing the “goodness” of the trial solution 

represented by that individual. 

 

2.3. Selection 

Once the assessment is made of generation, it makes a selection from the fitness function. Only 

individuals passing the selection test can access the middle generation and breed (in our application we chose 

the selection by decimation). 

 

2.4. Crossover 

Its work is divided into two phases: the first is to randomly select the pairs to be crossed, the second, 
making the crossing after selecting a site randomly. Two new chromosomes are created, each with a portion 

of their "parents". 

 

2.5. Mutation 

The mutation is a mechanism for ensuring that overly aggressive selection does not result in 

premature convergence to a suboptimal solution. Mutation introduces the genetic material that is not present 

in the current population [17]. So this operator is simply the inversion of a bit in a chromosome.  

 

 

3. MOMENT METHOD PROCEDURE 

Consider a circular patch of radius a printed on a two-layered grounded dielectric substrate as shown 

in Figure 1. The first (second) layer of thickness d1 (d2) has a relative permittivity εr1 (εr2). All fields and 

currents are time harmonic with the te i  time dependence suppressed. Let 

 T
JJ ),(),(),(  J  (where T implies transpose) be the surface current density on the disc 
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Also, let  T
EE ),(),(),(  E  be the value of the transverse electric field at the plane of the 

circular disc. Owing to the revolution symmetry of the two-layered medium of Figure 1 around the z-axis, 

when the Helmholtz equations for the longitudinal field components zE  and zH  are solved in cylindrical 

coordinates inside each of the two layers of that medium, it turns out that the dependence of zE  and zH  on 

the   coordinate is of type kei  (where k is an integer), as a consequence, ),( J  and ),( E  can be 

written as 
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Figure 1. Geometry of a circular patch on a two-layered substrate 

 

 

Following a mathematical reasoning similar to that shown in [13, 18-20], we obtain a relation 

among ),( J  and ),( E  in the spectral domain given by 

 

)(. )( )(  kkk kk jGe 
 (3) 

 

where )( kkj  and )( kke  are, respectively, the vector Hankel transforms of )(kJ  and )(kE , and 

)( kG  stands for the dyadic Green’s function. It is given by 

 

  112
0

2212 )(


 LgLLG k
 (4) 

 

where 
 

12 TTL 
 (5) 

 

The matrix 1T  ( 2T ) is the matrix representation of the first (second) layer [4, in (7)]. Now that we 

have thje necessary Green’s function, it is relatively straight forward to formulate the moment method 

solution for the antenna characteristics. The current on the circular disc is expanded into a finite series of 

known basis functions [21-24]. 
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P and Q correspond to the number of basis functions and pka  and qkb  are the mode expansion 

coefficients to be sought. Substituting the vector Hankel transform of (6) into (3). Next, the resulting 

equation is tested by the same set of basis functions that was used in the expansion of the patch current. 

Thus, the integral equation is decomposed into the following matrix equation [13]: 

 

0cΩ  kk  (7) 

 
where 
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Each element of the submatrices of kΩ  is given by 

 

 dkkkkkji jkikk )()()(),(

0

wGvΩvw  




 (9) 

 

where v  and w  represent either ψ  or  . For every value of the integer k , the system of linear (7) has non-

trivial solutions when 

 

  0Ω )(det k  (10) 

 

Equation (10) is an eigenequation for  , from which the resonant characteristics of the structure of Figure 1 

can be obtained [13]. 

 

 

4. NEW EXPRESSIONS FOR THE EFFECTIVE RADIUS AND FRINGING CAPACITANCE 

The resonant frequency of a microstrip patch antenna can be determined from the magnetic wall 
cavity model for various operational modes and structural parameters using proper equivalent model with 

effective structural parameters [15, 16]. In the cavity model, the region between the patch and the ground 

plane can be considered as a cavity bounded by electric walls on the top and bottom, and by a magnetic wall 

on the side. The existence of fringing fields is taken into account by extending the edge slightly.  

In this study, first the two-layered substrate is reduced to an equivalent single layer structure with 

total thickness dT = d1 + d2 and an equivalent relative permittivity of the form [2]. 
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The resonant frequency of the TM11 mode of the circular radiating element is given by 

 

27.6177
r
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f
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  (12) 

 

Where effa  is the effective patch radius and dyn  stands for the dynamic permittivity. The expression of 

the effective patch radius used in [16] will be modified herin to account for the presence of a two-layered 

substrate in the micristrip structure under study: 
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The dynamic permittivity of the equivalent single layer structure can be obtained in terms of 

the finging capacitances as follows: 
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In (13), (15), and (16), 1 , 2 , 3 , 4 , and 5  are the unknown parameters which may be 

determined from the minimization of the following cost function using genetic algorithms: 
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where rif  is the resonant frequency computed from (12) and MOM
rif  is the resonant frequency obtained 

using the moment method procedure detailed in section 3. 

 

 

5. NUMERICAL RESULTS AND DISCUSSION 

In applying the moment method procedure to solve the electric field integral equation, it is 

advantageous to express the unknown patch current in terms of appropriate basis functions formed by the set 

of transverse magnetic and transverse electric modes of a cylindrical cavity of radius a with magnetic side 

walls and electric top and bottom walls. These current modes which are non-zero only on the circular disc are 

given by 
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In (18),  
k

J  is the Bessel function of the first kind of order k, and the prime denotes differentiation 

with respect to the argument.  
kp

ψ  correspond to the TM cavity modes and  
kq  correspond to the TE 

cavity modes. The constants 
pk

  and 
qk

  correspond to the pth and qth zeros of )('
pkk

J   and

)(
qk

J k  , respectively. Note that the vector Hankel transform of the above basis functions can be easily 

obtained in closed-form. The summations over p and q in (6) are decided upon by the convergence of the 

resonant frequency value. We have found that small number of basis functions suffices to obtained good 

convergent results. 

Using the genetic algorithm, the fitness function given in (17) is minimized to determine 

the coefficients β1, β2, β3, β4, and β5. The optimum values of the unknown parameters are summarized in 

Table 1. 

 
 

Table 1. The Optimum values of the unknown parameters. 
Unknown parameters β1 β2 β3 β4 β5 

Optimum Values 1.484 1.625 0.491 1.595 0.893 
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To confirm the correctness of the proposed approach described in this paper, our calculated results 

are compared with experimental data. Numerical results are obtained for the experiment reported in [25]. 

The patch radius is a = 5 cm and the top substrate has a relative permittivity εr2 = 2.32. The bottom dielectric 

substrate is considered as an air layer. Table 2 summarized the computed resonant frequencies and those 

obtained by experiment. It is seen form this Table that our computed results agree very well the measured 

data. The maximum percentage error being less than 1%. 
 

 

Table 2. Comparison between the calculated resonant frequencies and the measured data 

d1 (mm) 
Resonant frequency (GHz) 

Percentage error (%) 
Measured Calculated 

0 1.128 1.134 0.53 

0.5 1.286 1.283 0.23 

1 1.350 1.349 0.07 

 

 

In Figure 2, we present numerical results for the resonant frequencies and quality factors of a 

circular microstrip patch on a two-layered substrate. The radius of the circular disc is mm35.6a . 

The dielectric located just below the circular patch has a relative permittivity 8.92 r , while the one in 

contact with the ground plane has a relative permittivity 5.21 r . The obtained results in Figure 2 indicate 

that the increase of 2d  causes the decrease of the resonant frequency. The opposite behavior is observed for 

the quality factor. These behaviors can be explained by the fact that when 2d  grows, the effective 

permittivity of the dielectric medium under the patch increases. 
 

 

 
(a) 

 

 
(b) 

 

Figure 2. Resonant frequency and quality factor of the two-layered antenna; a = 6.35 mm, εr1= 2.5, εr2= 9.8, 

d1+d2=1 mm. (a) Resonant frequency; (b) Quality factor 
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6. CONCLUSION 

The precise operating frequency of microstrip patch antenna is the most significant parameter to be 

determined in order to design such antenna system to achieve the optimum performance. This is because 

microstrip antennas have narrow bandwidth and hence can only operate efficiently in the vicinity of 

the resonant frequency. In this paper, a new model has been presented for the resonant frequency of a circular 

microstrip patch on a two-layered substrate. This model is well suited for computer aided design. It is based 

on genetic algorithms in conjunction with moment method. The present model is very simple, fast, accurate, 

and valid for an entire range of permittivities and thicknesses of two-layered substrate as well as a single-
substrate patch antenna. The computed resonant frequencies have been compared with experimental values, 

and the present model shows very close agreements with the measured values. Finally, the effect of a two-

layered substrate on the resonant characteristics of the circular disc microstrip antenna has been also 

investigated. 
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