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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we follow the notions and terminologies as they appeared in [1]. As defined
in [2], the notion of a fuzzy set in a set X is a function from X into the closed interval [0,1]. Accordingly,
Chang [3] introduced the notion of a fuzzy topological space on a non-empty set X as a collection of fuzzy
sets on X, closed under arbitrary suprema and finite infima and containing the constant fuzzy sets 0 and 1.
Mathematicians extended many topological concepts to include fuzzy topological spaces such as: separation
axioms, connectedness, compactness and metrizability, see [4]-[9]. Several fuzzy homogeneity concepts were
discussed in [1, 10-17].

A separable topological space (X, 1) is countable dense homogeneous (CDH) [18] if given any two
countable dense subsets A and B of (X, ) there is a homeomorphism f: (X,7) = (X, t) such that f(4) = B.
Recently, authors in [1] extended CDH topological property to include fuzzy topological spaces. They proved
that their extension is a good extension in the sense of Lowen, and proved that a-cut topological space
(X,3,) of a CDH fuzzy topological space (X,3) is CDH in general only for a = 0.

In the present work, we show that fuzzy homogeneous components of a CDH fuzzy topological
space are clopen and also they are CDH in its 0-cut topological space (X,J,). Given a topological space
(X, 1), the relation 7, defined as for x,y € X, x ty iff there exists a homeomorphism h: (X,t) = (X, t) such
that h(x) = y, turns out to be an equivalence relation on X. The equivalence class of x under it is denoted as
Cy and is called the homogeneous component of (X,t) at x. Analogously, we define the fuzzy homogeneous
component C3 of x, for a fuzzy topological space (X,S) (with homeomorphism replaced by fuzzy
homeomorphism). The following propositions will be used in the sequel:

a.  Proposition 1.1.

Let (X, ) be a fuzzy topological space. If C3 is a fuzzy homogeneous component of (X, ) and U is

a non-empty open subset of (X, 3,) with U < €3, then C3 € I, [11].
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b.  Proposition 1.2.

Let (X,3) be a fuzzy topological space. Let A be a subset of X and let P be a collection of fuzzy
points of X. Then we have the following [1]:
i. If Aisdense in (X,3o), then Q(A) is dense(l) in (X, 3J).
ii. If P is dense(l) in (X, ), then S(P) is dense in (X, Jo ).
c.  Proposition 1.3.

If (X,3) is a fuzzy topological space and Cy is a fuzzy homogeneous component of (X, ), then for
any fuzzy homeomorphism h: (X, ) - (X,3), h(CF) = €3 [11].
d.  Proposition 1.4.

If (X,3) is a CDH fuzzy topological space, then (X, J,) is CDH [1].
e.  Proposition 1.5.

Let (X,3) be a fuzzy topological space and let f:(X,3) - (X,3) be a fuzzy continuous
(homeomorphism) map. Then f: (X,J,) = (X,3J,) is continuous (homeomorphism) for all a € [0,1) [19].

2. RESULTS
a. Theorem 2.1.

Let (X,7) be a CDH topological space. Then every homogeneous component C; is clopen. In this
paper, we will mainly obtain a fuzzy version of Theorem 2.1. This fuzzy version is as follows [20]:

b. Theorem2.2.

If (X,3) is a CDH fuzzy topological space, then every fuzzy homogeneous component C3 of (X, )
is clopen in (X, o). For any fuzzy topological space (X,S) and any x € X, author in [11] proved that C €
Cf”. If for all x € X, CJ = st", then Theorem 2.2 follows obviously using Theorem 2.1. Therefore, the
following question is important:

c.  Question 2.3. Let (X,3) be a CDH fuzzy topological space. Is it true that C; = Cf“ forall x € X.

The following example gives a negative answer of Question 2.3:

d. Example 2.4. For fixed 0 < a <1, let X = {x,y}and define I = {0,1, xa,ya,xa U ya}. Then (X,T)
2 4 2 4

is CDH and €3 = {x} but C* = X forall x € X.

The following two lemmas will be used in the following main result:
e. Lemma 2.5. Let (X,3) be a fuzzy topological space and let C be a fuzzy homogeneous component of
(X, ) with C3 & . Then X — C3 is dense in (X, Jo).
Proof. Assume on the contrary that X — C3 is not dense in (X, Jo). Then there exists a non-empty set U € I,
such that U n (X — C3) = @. Thus U < €3 and by Proposition 1.1 we have C3 € S, a contradiction.
f. Lemma 2.6. Let (X,J) be a CDH fuzzy topological space. Suppose that there exists a fuzzy
homogeneous component C3 of (X, ) with C3 & J,. Let S be a countable dense subset of (X, ). Let

D=X-CI(SN (X —CP))
and
T=((DNS)Uu(SnX-CP)))—Bd(D)

where the closure and the boundary are taking in (X, J,). Then
i.Dnsccy

i.(X-clD)NT<X-C3,

iii. D = @,

iv. T is dense in (X, Jo).

Proof.i)Since SN (X —CH S CISN (X —-CH), then DS X - (SNX-CHHSX-S)UCS. Thus D n
Scopu(cins)ccy.
iiyLett € (X —CL(D))NT.Since t € X —CI(D), thent € D. Since t e T, thent € SN (X = C3) <
X-C3.
iii) Suppose on the contrary that D = @. Then CI(SN(X —CZ)=X. Let A=Sn(X—CJ) and B =
AU {x}. Then A, B are both dense in (X,3J,) and by Proposition 1.2 (i), Q(A) and Q(B) are both
dense(l) in (X,3). Since (X,3) is CDH, then there is a fuzzy homeomorphism h: (X,3) - (X,3)
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such that h(S(Q(B))) = S(Q(A)). So h(B) = A. Since x € CJ, then h(x) € h(Cy). By Proposition
1.3, h(C3) = €3 and s0 h(x) € CZ. On the other hand, h(x) € A, that is h(x) & C5, a contradiction.
iv) It is sufficient to show that CI(D) < CI(T) and X — CI(D)< CI(T).

To see that CI(D) € CI(T), let a € CI(D) and U € I, with a € U. ThenU N D # @. Since S is
dense in (X,Jp)and D € Iy, we have UN (D NS) =+ @. Since D €Iy, then D N Bd(D) = Q.
Choose beUN(DNS). Ifb T, then b e DNBA(D) =0 and thus b € UNT. Therefore, a €
ClL(T).

To see that X — CI(D) € CI(T), let a € X — CI(D) and U € I, with a € U. Since a € X — CI(D),
then there is V € 3, such that a € V .and V. n D = @. On the other hand, a &€ CI(D) implies a € D
and hence a € CL(S N (X — C3)). Thus, we have

unnnEnX-Cy) +0.

Choose be (UNV)N (SN (X —CP)).SincebeVandV NnD =9, thenb & Bd(D) and hence h e UNT.
Therefore, a € CI(T).
The following is the main result of this paper:
g. Theorem 2.7. If (X,S) is a CDH fuzzy topological space, then every fuzzy homogeneous component C
of (X,3) is open in (X,Jp).
Proof. Suppose on the contrary that for some x € X, C3 ¢ J,. Since (X,3) is CDH, then by Proposition 1.4,
(X,30) is CDH. Choose a countable dense set S of (X,J,). Let

D=X-Cl(SN(X-CP)
and
T=(DNSHUESnNX-CY))) —Bd(D).

By Lemma 2.5, C3 is dense in (X, 5o). Since D € S, and by Lemma 2.6 (iii) D # @, then D n (X — C) # @.
Choose y € D N (X — C3) and let

M=Tu{y}.

Since T < S, then T and M are both countable. Also, by Lemma 2.6 (iv) T and M are dense in (X, Jo). Then

by Proposition 1.2 (i), Q(T) and Q(M) are two countable dense of the CDH fuzzy topological space (X,3).

Thus there is a fuzzy homeomorphism h: (X,3J) — (X, J) such that A(S(Q(M))) = S(Q(T)). So h(M) =T.

Since y € X — C3, then by Proposition 1.3, h(y) € X — C3. Since h(y) €T €S, then h(y) €SN (X —

CHSCSNX—-CP)) and so h(y) € X —D = CI(X — D). Since h(y) € T, then h(y) € X — Bd(D).

Therefore, h(y) € X — CI(D). Set 0 = h"*(X — CL(D)). By Proposition 1.5, h:(X,To) = (X,Jo) is

continuous at y and so there exists O € J, such that y € 0 and h(0) € X — Cl(D). Since ye DN O €

Seand T is dense in (X, S,), then there exists z€ DNONT S DNS. By Lemma 2.6 (i), we have z € C3

and by Proposition 1.3 h(z) € CJ. Since z € 0, h(z) € h(0) € X — CI(D). Also, since z€ T S M, h(z) €

h(M) = T. Therefore, h(z) € (X — CI(D)) N T and by Lemma 2.6 (ii), h(z) € X — C3, a contradiction.

h. Corollary 2.8. If (X,3) is a CDH fuzzy topological space, then every fuzzy homogeneous component
C3 of (X, ) is clopen in (X,So).

Recall that a fuzzy topological space (X,J) is said to be homogeneous [16] if for any two points x,, x, in X,

there exists a fuzzy homeomorphism h: (X,3) —» (X,3J) such that h(x;) = x,. A fuzzy topological space

(X, ) is homogeneous iff C3 = X for all x € X.

i. Corollary 2.9. If (X,3) is a CDH fuzzy topological space and (X,J,) is connected, then (X,3J) is
homogeneous.

Proof. Let x € X. According to Corollary 2.8, C3 is clopen in (X,3,), and since (X, S,) is connected, then

Cc3=X.

j. Lemma 2.10. Let (X, 1) be a topological space and let C be a non-empty clopen subset of X. If D is a
dense subset of (X,t) and A is a dense subset of the subspace (C,7.), then AU (D — C) is dense in
X, 7).

Proof. Suppose on the contrary that there is U € T — {@} suchthat Un (D - C)=UnNn X —-C)nD =@ and

UnA=0.SinceUNnX-—-C)erand D isadense in(X,7),thenUN X —C)=0andU < C. It follows

that U € . — {@}. Since A is a dense subset of (C,7.), then U n A # @, a contradiction.
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k.  Theorem 2.11. If (X,%) is a CDH fuzzy topological space and C3 is a fuzzy homogeneous component
of (X,3), then (C3, (So)cg) is a CDH topological space.
Proof. According to Corollary 2.8, C3 is clopen in (X,S,) and hence (CJ, (So)cxs) is separable. Let A and B
be any two countable dense subsets of (CJ, (So)cg) and let P be a countable dense(l) collection of fuzzy
points of (X,3). Let 4; =AU (S(P) — C3) and B, = B U (S(P) — C2). By Proposition 1.2 (ii) S(P) is
dense in (X, J,). Thus by Lemma 2.10, 4; and B are dense subsets of (X, J,). By Proposition 1.2 (i) Q(41)
and Q(B,) are dense(l) in (X,3). Since Q(4,) and Q(B,) are clearly countable, there is a fuzzy
homeomorphism h: (X,3) = (X,3J) such that h(A4:) = B;. Applying Proposition 1.3 to conclude that
h(A) = B. By Proposition 1.5, h: (X,S30) = (X,30) is a homeomorphism. Define g:(C3, (So)cxs) -

3, (So)cg) to be the restriction of h on C3. Then g is a homeomorphism with g(4) = h(4) = B.
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